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1 Introduction

Given positive integersr 1 ; r 2 ; : : : r

m

andc 1 ; c 2; : : : c

n

, let I ( r ; c ) be the set ofm � n

arrays with nonnegative integer entries and row sumsr 1 ; r 2; : : : r

m

respectively and

column sumsc 1 ; c 2 ; : : : c

n

respectively. Elements ofI ( r ; c ) are calledcontingency

tableswith these row and column sums.

We consider two related problems on contingency tables. Givenr 1; r 2 ; : : : r

m

and

c 1 ; c 2; : : : c

n

,

1) Determinej I ( r ; c ) j .

2) Generate randomly an element ofI ( r ; c ) , each with probability 1= j I ( r ; c ) j .

The counting problem is of combinatorial interest in many contexts. See, for
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example, the survey by Diaconis and Gangolli [5]. We show that even in the case

when m or n is 2, this problem is #P hard.

The random sampling problem is of interest in Statistics. In particular, itcomes

up centrally in an important new method formulated by Diaconis and Efron [4]

for testing independence in two-way tables. (See also Mehta and Patel [21] for a

more classical test of independence). We show that this problem can be solved

in approximately in polynomial time provided the row and column sums are

suf®ciently large, in particular, providedr

i

2 W( n

2
m ) and c

j

2 W( m

2
n ) . This

then implies under the same conditions, a polynomial time algorithm to solve the

counting problem (1) approximately.

The algorithm we give relies on the random walk approach, and is closely related

to those for volume computation and sampling from log-concave distributions [10,

2, 9, 20, 15, 22].

2 Preliminaries and Notation

The number of rows will always be denoted bym and the number of columns

by n . We will let N denote( n � 1)( m � 1) . For convenience, we number the

coordinates of any vector inR

nm by a pair of integers( i; j ) or just ij wherei runs

from 1 throughm and j from 1 throughn . Supposeu is an m vector of reals (the

row sums) andv is an n vector of reals (the column sums). We de®ne

V ( u; v ) = f x 2 R

nm :
X

j

x

ij

= u

i

for i = 1; 2; : : : m ;
X

i

x

ij

= v

j

for j = 1; 2; : : : n g :
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V ( u; v ) can be thought of as the set of realm � n matrices with row and column

sums speci®ed byu and v respectively. Let

P ( u; v ) = V ( u; v ) \ f x : x

ij

� 0 for i = 1; 2; : : : m; j = 1; 2; : : : n g :

We call such a polytope a ªcontingency polytopeº.

Then,I ( u; v ) is the set of vectors inP ( u; v ) with all integer coordinates.

Note that the above sets are all trivially empty if
P

i

u

i

6=

P

j

v

j

. So we will assume

throughout that
P

i

u

i

=

P

j

v

j

.

We will need another quantity denoted by� ( u; v ) de®ned foru; v satisfying

u

i

> 2n 8 i and v

j

> 2m 8 j :

� ( u; v ) = max
i;j

 

u

i

+ 2n

u

i

� 2n

;

v

j

+ 2m

v

j

� 2m

!

( n � 1)( m � 1)

:

We will abbreviate� ( u; v ) to � when u; v are clear from the context. An easy

calculation shows that ifu

i

is W( n

2
m ) 8 i and v

j

is W( nm

2
) 8 j , then� is O ( 1) .

On input u; v (we assume thatu

i

> 2n 8 i and v

j

> 2m 8 j ), our algorithm runs for

time bounded by� ( u; v ) times a polynomial inn ; m ; max
ij

( log u

i

; log v

j

) , and

( 1=� ) where� will be an error parameter specifying the desired degree of accuracy.

(See section 5, ®rst paragraph for a description of the input/output speci®cations

of the algorithm.)

3 Hardness of counting

We will show that exactly counting contingency tables is hard, even in a very

restricted case. We will use the familiar notion of # P-completeness introduced by

Valiant [25].

3



Theorem 1 The problem of determining the exact number of contingency tables

with prescribed row and column sums is is #P-complete, even in the2 � n case.

Proof It is easy to see that this problem is in #P. We simply guessmn integersx

ij

in the range[ 0; J ] (whereJ is the sum of the row sums) and check whether they

satisfy the constraints. The number of accepting computations is the number of

tables.

For proving hardness, weproceed as follows : Given positive integersa 1 ; a 2; : : : ; a

n � 1 ; b ,

it is shown in [8] that it is #P-hard to compute the( n � 1) -dimensional volume of

the polytope

n � 1
X

j = 1

a

j

y

j

� b; 0 � y

j

� 1 ( j = 1; 2; : : : ; n � 1) :

It follows that it is #P-hard to compute the( n � 1) -dimensional volume of the

polytope
n

X

j = 1

a

j

y

j

= b; 0 � y

j

� 1 ( j = 1; 2; : : : ; n ) ;

wherea

n

= b . Hence, by substitutingx 1j

= a

j

y

j

, x 2j

= a

j

( 1 � y

j

) , that it follows

that it is #P-hard to compute the( n � 1) -dimensional volume of the polytope

P ( r ; c ) (with 2 rows andn columns) where

r = ( b;

n � 1
X

j = 1

a

j

) ; c = ( a 1; : : : ; a

n � 1 ; b ) :

Now the number� ( r ; c ) of integer points inP ( r ; c ) is clearly the number of

contingency tables with the required row and column sums. But, for integral

r ; c , P ( r ; c ) is a polytope with integer vertices. (It is the polytope of a 2� n

transportation problem[11].) Consider the family of polytopesP ( tr ; tc ) for
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t = 1; 2; : : : . It is well known [12, Chapter 12] that the number of integer

points in P ( tr ; tc ) will be a polynomial int , the Ehrhart polynomial, of degree

( n � 1) , the dimension ofP ( r ; c ) . Moreover the coef®cient oft

n � 1 will be the

( n � 1) -dimensional volume ofP ( r ; c ) . It is also straightforward to show that

the coef®cients of this polynomial are of size polynomial in the length of the

description ofP ( r ; c ) .

Suppose therefore we could count the number of 2� n contingency tables for

arbitraryr ; c . Then we could compute� ( r ; c ) for arbitrary integralr ; c . Hence we

could compute� ( tr ; tc ) for t = 1; 2; : : : ; n and thus determine the coef®cients of

the Ehrhart polynomial. But this would allow us to compute the volume ofP ( r ; c ) ,

which we have seen is a #P-hard quantity.

2

Remark If both n; m are ®xed, we can apply a recent result of Barvinok's [3]

(that the number of lattice points in a ®xed dimensional polytope can be counted

exactly in polynomial time) to computej I ( u; v ) j . Diaconis and Efron [4] give an

explicit formula forj I ( u; v ) j in casen = 2. Their formula has exponentially many

terms (as expected from our hardness result). Mann has a similar formula for

n = 3. Sturmfels demonstrates a structural theorem which allows for an effective

counting scheme that runs in polynomial time forn; m ®xed.[24] Sturmfels has

used the technique to count 4� 4 contingency tables in the literature. We will, in

later papers, discuss our work counting 4� 4 and 5� 4 contingency tables.
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4 Sampling Contingency tables : Reduction to con-
tinuous sampling

This section reduces the problem of sampling from the discrete set of contingency

tables to the problem of sampling with near-uniform density from a contingency

polytope.

To this end, we ®rst take a natural basis for the lattice of all integer points in

V ( u; v ) and associate with each lattice point a parallelepiped with respect tothis

basis. Then we produce a convex setP

� which has two properties : a) each

parallelepiped associated with a point inI ( u; v ) is fully contained inP

� and b)

the volume ofP

� divided by the total volume of the parallelepipeds associated

with points in I ( u; v ) is at most� ( r ; c ) . Now the algorithm is simple : pick a

random pointy from P

� with near uniform density (this can be done in polynomial

time), ®nd the lattice pointx in whose parallelepipedy lies and acceptx if it is in

I ( u; v ) [acceptance occurs with probability at least 1=� ( u; v ) ]; otherwise, reject

and rerun. The volume of each parallelepiped is the same, so the probability

distribution of thex in I ( u; v ) is near uniform. This general approach has been

used also for the simpler context of sampling from the 0-1 solutions to a knapsack

problem [13].

[While P

� is a convex set and by the general methods, we can sample from it

in polynomial time with near uniform density, it will turn out thatP

� is also

isomorphic to a contingency polytope. In the next section, we show how to exploit

this to get a better polynomial time algorithm than the general one.]

We will have to build up some geometric facts before producing theP

� .
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Let U be the lattice:

f x 2 R

nm :
X

j

x

ij

= 0 for i = 1; 2; : : : m ;
X

i

x

ij

= 0 for j = 1; 2; : : : n ; x

ij

2 Z g :

For 1 � i � m � 1 and 1 � j � n � 1, let b ( ij ) be the vector inR

nm given by

b ( ij )

ij

= 1; b ( ij )

i + 1;j

= � 1; b ( ij )

i;j + 1 = � 1; b ( ij )

i + 1;j + 1 = 1 andb ( ij )

k l

= 0

for k l other than the 4 above.

Any vector x in V ( 0; 0) can be expressed as a linear combination of theb ( ij ) 's as

follows (the reader may check this by direct calculation)

x =

m � 1
X

k = 1

n � 1
X

l = 1

0

@

k

X

i = 1

l

X

j = 1

x

ij

1

A

b ( k l ) : (1)

It is also easy to check that theb ( ij ) are all linearly independent. This implies

that the subspaceV ( 0; 0) has dimension( n � 1)( m � 1) and so does the af®ne

set V ( u; v ) which is just a translate ofV ( 0; 0) . Also, we see that ifx is an integer

vector, then the above linear combination has integer coef®ents; so, theb ( ij ) form

a basis of the latticeU .

It is easy to see that ifu; v are positive vectors, then the dimension ofP ( u; v ) is

also N . To see this, it suf®ces to come up with anx 2 R

nm with row and column

sums given byu; v and with each entryx
ij

strictly positive because then we can

add any small real multiples of theb ( ij ) to x and still remain inP ( u; v ) . Such

an x is easy to obtain : for example, we can choosex 11; x 12; : : : x 1n

to satisfy

0 < x 1j

< min ( u 1; v

j

) and summing tou 1. Then we subtract this amount from

the column sums and repeat the process on the second row etc.

We will denote by Vol( P ( u; v )) the (N dimensional) volume ofP ( u; v ) .

Obviously, if eitheru or v has a non-integer coordinate, thenI ( u; v ) is empty.
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Lemma 1 : If p; q are m vectors of positive reals ands; t are n vectors of positive

reals with q � p and t � s (componentwise), then

Vol( P ( q ; t )) � Vol( P ( p; s )) :

Proof By induction on the number of coordinates of( q t ) that are strictly greater

than the corresponding coordinates of( p s ) . After changing row and column

numbers if necessary, assume without loss of generality thatq 1 � p 1 is the least

among all POSITIVE components of( q t ) � ( p s ) . After permuting columns if

necessary, we may also assume that we havet 1 � s 1 > 0. Let P 1 = P ( p; s ) . Let

P 2 be de®ned by

P 2 = f x 2 R

nm : x 11 � � ( q 1 � p 1 ) ; x

ij

� 0 for ( ij ) 6= ( 11) g \ V ( p; s ) :

Let p

0 be an m � vector de®ned byp 0

1 = q 1; p

0

i

= p

i

for i = 2; 3; : : : m . Let s

0

be de®ned bys 0

1 = s 1 + q 1 � p 1; s

0

j

= s

j

for j = 2; 3; : : : n . Denote byP 3 the

set P ( p

0

; s

0

) . Then P 2 and P 3 have the same volume as seen by the isomorphism

x 11 ! x 11 + ( q 1 � p 1 ) . Clearly, P 2 containsP 1. Also the row sums and column

sums inP 3 are no greater than the corresponding row and column sums in( q t ) .

Applying the inductive assumption toP 3 and P ( q ; t ) , we have the lemma. 2

Let u; v be ®xed and considerV ( u; v ) . Let

U ( u; v ) = V ( u; v ) \ Z

nm

:

We may partitionV ( u; v ) into fundamental parallelepipeds, one corresponding to

each point ofU ( u; v ) . Namely,

V ( u; v ) = [

x 2 U ( u;v )

f x +

X

i;j

�

ij

b ( ij ) : 0 � �

ij

< 1 for i = 1; 2; : : : m ; j = 1; 2; : : : n g :
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We call f x +

P

i;j

�

ij

b ( ij ) : 0 � �

ij

< 1 for i = 1; 2; : : : m ; j = 1; 2; : : : n g , ªthe

parallelepipedº associated withx and denote it byF ( x ) .

Claim : For anyx 2 I ( u; v ) , and for anyy belonging toF ( x ) we havex

ij

� 2 <

y

ij

< x

ij

+ 2.

Proof : This follows from the fact that at most four of theb ( ij ) 's have a nonzero

entry in each position and two of them have a +1, the other two a -1. 2

Lemma 2 : For nonnegative vectorsu 2 Rm and v 2 Rn and anyl 2 Rnm , let

P ( u; v ; l ) = V ( u; v ) \ f x 2 Rnm : x

ij

� l

ij

g :

Then,

(i) for any x in I ( u; v ) , we haveF ( x ) � P ( u; v ; � 2) where2 is the nm -vector of

all 2 's.

(ii) P ( u; v ; + 2) � [

x 2 I ( u;v )

F ( x ) . [ P ( u; v ; � 2) will play the role of P

� in the

brief description of the algorithm given earlier.]

Proof : (i) Since x is in I ( u; v ) , we havex

ij

� 0 and so for anyy 2 F ( x ) , we

have y

ij

� � 2 proving (i). For (ii), observe that for anyy 2 V ( u; v ) , there is a

uniquex 2 U ( u; v ) such thaty 2 F ( x ) . If y

ij

� 2, then we must havex

ij

� 0, so

the correspondingx belongs toI ( u; v ) as claimed.

Lemma 3 : For u 2 Rm and v 2 Rn with u

i

> 2n for all i and v

j

> 2m for all

j , we have
Vol( [

x 2 I ( u;v )

F ( x ))

Vol( P ( u; v ; � 2))

�

1
� ( u; v )

:

9



Proof : By (ii) of the lemmaabove, Vol( [

x 2 I ( u;v )

F ( x )) isat least Vol( P ( u; v ; + 2)) .

But P ( u; v ; + 2) is isomorphic toP ( u � 2n 1; v � 2m 1) where 1's are vectors of all

1 's of suitable dimensions as seen from the substitutionx

0

ij

= x

ij

� 2. Similarly,

we have thatP ( u; v ; � 2) is isomorphic toP ( u + 2n 1; v + 2m 1) . Let � = �

1= N .

Consider the set�P ( u � 2n 1; v � 2m 1) = f �x : x 2 P ( u � 2n 1; v � 2m 1) g . This

is precisely the setP ( � ( u � 2n 1) ; � ( v � 2m 1)) . By the de®nition of� , we have

� ( u

i

� 2n ) � u

i

+ 2n 8 i and� ( v

j

� 2m ) � v

j

+ 2m 8 j . So by lemma 1, the volume

of �P ( u � 2n 1; v � 2m 1) is at least the volume ofP ( u + 2n 1; v + 2m 1) . But

�P ( u � 2n 1; v � 2m 1) is a dilation of theN dimensional objectP ( u � 2n 1; v � 2m 1)

by a factor of� and thus has volume precisely equal to�

N

= � times the volume

of P ( u � 2n 1; v � 2m 1) completing the proof.

2

SinceP ( u; v ; � 2) is isomorphic toP ( u + 2n 1; v + 2m 1) , the essential problem

we have is one of sampling from a contingency polytope with uniform density.

Proposition 1 For everyx 2 U ( r ; c ) , we have vol
N

( F ( x )) = 1.

Proof : Note that if z =

P

m � 1
i = 1

P

n � 1
j = 1 �

ij

b ( ij ) , then we havez

ij

= �

ij

� �

i � 1;j

�

�

i;j � 1 + �

i � 1;j � 1 (where if one of the subscripts is 0, we take the� to be zero

too. Thus for eachi , 1 � i � m � 1 and eachj , 1 � j � n � 1, the ªheightº

of the parallelepipedF ( x ) in the direction ofz

ij

perpendicular to the ªpreviousº

( ( a; b ) < ( i; j ) if a � i and b � j and (a < i or b < j )) coordinates is 1 proving

our proposition.

2
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5 The Algorithm

We now describe the algorithm which given row sumsu 1 ; u 2; : : : u

m

and column

sumsv 1; v 2 ; : : : v

n

, and an error parameter� > 0, draws a multisetW of samples

from I ( u; v ) (the set of integer contingency tables with the given row and column

sums) with the following property :

if g : I ( u; v ) ! R is any function, then the true mean Åg of g and the sample mean

Äg (de®ned below) satisfy

E (( j Äg � Åg j )

2
) � �g

2
0

where

Åg =

P

w 2 I ( u;v )

g ( w )

j I ( u; v ) j

Äg =

P

w 2 W

g ( w )

j W j

g 0 = max
w ;x 2 I ( u;v )

g ( w ) � g ( x ) :

As stated in the last section, we will ®rst draw samples fromP ( u + 2n 1; v + 2m 1) .

We let r = u + 2n 1 and c = v + 2m 1.

We assume thatu

i

> 2n 8 i and v

j

> 2m 8 j throughout this section.

The functiong often takes on values 0 or 1. This is so in the motivating application

described by Diaconis and Efron [4] where one wants to estimate the proportion

of contingency tables that have (the so-called)�

2 measure of deviation from the

independent greater than the observed table. So, in this case,g 0 will be 1 for a

table if its �

2 measure is greater than that of the observed, otherwise, it will be

zero. The evaluation ofg for a particular table is in general simple as it is in this

case.

At the end of the section, we describe how to use the sampling algorithm to

estimatej I ( u; v ) j .
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For reasons that will become clear later, we rearrange the rows and columns so

that

r 1 ; r 2; : : : r

m � 1 � r

m

c 1 ; c 2 ; : : : c

n � 1 � c

n

: (2)

We assume the above holds from now on. Anm � n tablex in P ( r ; c ) is obviously

speci®ed completely by its entries in all but the last row and column. From this,

it is easy to see thatP ( r ; c ) is isomorphic to the polytopeQ ( r ; c ) in R

N (recall

the notationN = ( m � 1)( n � 1) ) which is de®ned as the set ofx satisfying the

following inequalities :

n � 1
X

j = 1

x

ij

� r

i

8 i

m � 1
X

i = 1

x

ij

� c

j

8 j

m � 1
X

i = 1

n � 1
X

j = 1

x

ij

�

m � 1
X

i = 1

r

i

� c

n

x

ij

� 0:

In the above, as well as in the rest of the section,i will run through 1; 2; : : : m � 1

and j will run through 1; 2; : : : n � 1 unless otherwise speci®ed.

The algorithm will actually pick points inQ ( r ; c ) with near uniform density. To

do so, the algorithm ®rst scales each coordinate so thatQ ( r ; c ) becomes ªwell-

roundedº. Let

�

ij

= Min (

r

i

n � 1
;

c

j

m � 1
) for i = 1; 2; : : : m � 1 andj = 1; 2; : : : n � 1: (3)

The scaling is given by

y

ij

=

N

�

ij

x

ij

for i = 1; 2; : : : m � 1 andj = 1; 2; : : : n � 1: (4)

This transformation transforms the polytopeQ ( r ; c ) to a polytopeQQ = QQ ( r ; c )

ªin y spaceº. Note thatQQ ( r ; c ) is the set ofy that satisfy the following constraints

:
1

N

X

j

�

ij

y

ij

� r

i

8 i

1
N

X

i

�

ij

y

ij

� c

j

8 j (5)
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1
N

X

i;j

�

ij

y

ij

�

X

i

r

i

� c

n

y

ij

� 0:

Instead of working inQQ ( r ; c ) , the algorithm will work with a larger convex set.

To describe the set, ®rst consider the convex setP

0

( r ; c ) obtained fromP ( r ; c ) by

discarding the constraintx

mn

� 0. The corresponding setQ

0

( r ; c ) in N space is

given by upper bounds on the row and column sums and nonnegativity constraints.

The scaling above transformsQ

0

( r ; c ) to the following setQQ

0

( r ; c ) :

QQ

0

( r ; c ) = f y :
1

N

X

j

�

ij

y

ij

� r

i

8 i

1
N

X

i

�

ij

y

ij

� c

j

8 j y

ij

� 0g (6)

We will impose the following log-concave functionF : P

0

( r ; c ) ! R

+

:

F ( x ) = Min ( 1; e

M x

mn

) whereM = 2(

n � 1
r

m

+

m � 1
c

n

) (7)

which is 1 on P ( r ; c ) and falls off exponentially outside. The corresponding

function onQQ

0 is given by :

G ( y ) = Min

 

1; e

M

�

1
N

P

i;j

�

ij

y

ij

�

P

i

r

i

+ c

n

�

!

: (8)

We call a cube of the formf y : 0: 4s

ij

� y

ij

< 0: 4( s

ij

+ 1) g in y space where

s

ij

are all integers a ªlattice cubeº (it is a cube of side 0.4); its centerp where

p

ij

= 0: 4s

ij

+ 0: 2 will be called a lattice cube center (lcc). LetL be the set of

lattice cubes that intersectQQ

0

( r ; c ) . We will interchangeably useL to denote

the set of lcc's of such cubes. (Note that the lcc itself may not be inQQ

0 .) If y

is an lcc, we denote byC ( y ) the lattice cube of which it is the center. Note that

for a particular lccy , it is easy to check whether it is inL - we just round down

all coordinates (to an integer multiple of 0.4) and check if the point so obtained

is in QQ

0 . In our algorithm, each step will only modify one coordinate ofy ; in
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this case, by keeping running row and column sums, we can check inO ( 1) time

whether the newy is in L .

A simple calculation shows :

Proposition 2 : For any lcc y and anyz 2 C ( y ) , we havee

� 0: 8
G ( y ) � G ( z ) �

e

0: 8
G ( y ) .

Now we are ready to present the algorithm. There are two steps of the algorithmof

which the ®rst is the more important. Some details of execution of the algorithm

are given after the algorithm. In the second step, we may reject in one of three

places. If we do so, then, this trial does not produce a ®nal sample.
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The Algorithm

The ®rst paragraph of this section describes the input / output behavior of the

algorithm. See Remark following the Theorem for the choice ofT 0 ; T 1.

I. Let T 0 ; T 1 � 1. Their values are to determined by the accuracy needed.

Run the random walkY ( 1)

; Y

( 2)

; : : : Y

( T 0+ T 1 ) with L as state space described below

for T 0 + T 1 steps starting at any state ofL .

II. for i = T 0 + 1 to i = T 0 + T 1 do the following :

a. Pick Z

( i ) with uniform density fromC ( Y

( i )

) . Reject with probability 1�

G ( Z

( i )

)

e

: 8
G ( Y

( i )

)

. [Reject means end the execution for thisi .]

b. Reject ifZ

( i ) is not in QQ ( r ; c ) .

c. Let p

( i ) be the point inP ( r ; c ) corresponding toZ

( i ) . If p

( i ) is in a F ( w ) for

somew 2 I ( u; v ) , then addw

( i )

= w to the multisetW of samples to be output;

otherwise reject.

2

Random walk for step I

Step I is a random walk onL . Two lcc 's in L will be called ªadjacentº if they

differ in one coordinate by 0.4 and are equal on all the other coordinates. The

transition probabilities for the random walk for step I are given by :

Pr( y ! y

0

) =

1
2N

Min ( 1;

G ( y

0

)

G ( y )

) for y ; y

0 adjacent lcc 's inL

Pr( y ! y

0

) = 0 for y ; y

0 not adjacent and

15



Pr( y ! y ) = 1 �

X

y

0

2 L nf y g

Pr( y ! y

0

) :

This is an irreducible time-reversible Metropolis Markov Chain and from the

identity

G ( y ) Pr( y ! y

0

) = G ( y

0

) Pr( y

0

! y ) ;

it follows that the steady state probabilities,� , exist and are proportional toG ( � ) .

An execution of the random walk producesY

( i )

; i = 1; 2; : : : where Y

( i + 1) is

chosen fromY

( i ) according to the transition probababilities.

In the next section, we will use the results of Frieze, Kannan, Polson [[15]] to

show that the second largest absolute value of an eigenvalue of the Markov Chain

(we denote this quantity by� ) satis®es (see Theorem 3):

( 1 � � )

� 1
� N

4
( n + m � 2)( 35 + o ( 1)) ;

where theo ( 1) term goes to zero asn + m; N ! 1 . As pointed out there, for

N � 10 andn + m � 11, we have( 1 � � )

� 1
� 36N

4
( n + m � 2) . The quantity

1 � � is called the ªspectral gapº.

The following theorem is proved using a result of Aldous [[1]]. It involves a

quantityA 1 which is the limiting probability of acceptance in the above algorithm.

A sequence of lemmas (4-7) is then used to boundA 1 from below. This lower

bound may be just plugged into the Theorem. See Remark below for a more

practical way to estimateA 1.

Theorem 2 The multiset of samplesW produced by the algorithm satis®es :

if g : I ( u; v ) ! R is any function, withg 0 = max
w ;x 2 I ( u;v )

g ( w ) � g ( x ) , and the

16



meanÅg =

P

w 2 I ( u;v )

g ( w )

j I ( u;v ) j

, we have

E ((

1
j W j

X

w 2 W

g ( w ) � Åg )

2
) �

1
T 1A 1

( 11: 5 � 1806� ( u; v ) log � )

� log �

�

1 + �

T 0
e

5N

N

2N

e

4
�

g

2
0 :

Further,

A 1 � e

� 4: 4
=� ( u; v ) :

Remark To use the theorem, we must chooseT 0; T 1 to be large enough. This can

be done in a fairly standard manner : suppose we want

E ((

1
j W j

X

w 2 W

g ( w ) � Åg )

2
)) � �:

Then, note that using Theorem 3, we can choose

T 0 = ( 5N + 2N log( N ) +

4
N

)( 35 + o ( 1)) N

4
( n + m � 2)

T 1 =

( 840 + o ( 1))

A 1
g

2
0 N

4
( n + m � 2) =�:

We may estimateA 1 from the run of the algorithm which potentially fares much

better than the lower bound we have given.

Proof of the Theorem

Let S =

P

w 2 W

( g ( w ) � Åg ) . Let f : L � I ( u; v ) ! [ 0 1] be such thatf ( y ; w ) is

the probability that givenY

( i )

= y in step I of the algorithm, we pickw ( i )

= w .

Letting � denote the linear transformation such that for eachx 2 P ( r ; c ) , � ( x ) = z

gives us the corresponding point inQQ , (the exact description of� is not needed

here), we have

f ( y ; w ) = ( 2: 5)

N

Z

z 2 � ( F ( w )) \ C ( y )

G ( z )

e

: 8
G ( y )

dz :

17



Let h ( y ) =

P

w 2 I ( u;v )

f ( y ; w )( g ( w ) � Åg ) . [This is the expected value ofg ( w

( i )

) � Åg

given Y

( i )

= y where we count a rejectedY

( i ) as giving us the value 0.]

Let

S

0

=

T 0 + T 1
X

i = T 0+ 1

h ( Y

( i )

) :

[Note that the expectation ofS given the Y

( i ) is precisely S

0 .] Consider the

expectation ofh with respect to� :

X

y

� ( y ) h ( y ) =

X

y

X

w

� ( y ) f ( y ; w )( g ( w ) � Åg ) =

X

y

G ( y )

P

L

G

X

w

Z

z 2 � ( F ( w )) \ C ( y )

G ( z )

e

: 8
G ( y )

( g ( w ) � Åg ) dz

=

1
e

: 8 P

L

G

X

w

( g ( w ) � Åg )

Z

z 2 � ( F ( w ))

G ( z ) dz =

X

w

vol( � ( F ( w )))

e

: 8 P

L

G

( g ( w ) � Åg ) = 0

becauseG ( z ) is 1 on all of QQ which contains� ( F ( w )) ; also the volume of

� ( F ( w )) is the same for allw 2 I .

If we had started the chain in the steady state, the expected value ofS

0 would be

T 1
P

y

� ( y ) h ( y ) = 0. Thus asT 1 tends to in®nity, the limit ofS 0

=T 1 is 0. Let

A ( y ) be the probability of acceptingy . Let A 1 =

P

y

� ( y ) A ( y ) . We also need the

variance ofh (wrt � ) denotedh 2 =

P

y

� ( y )( h ( y ))

2.

h 2 =

X

y

� ( y )( h ( y ))

2
� g

2
0

X

y

� ( y )( A ( y ))

2
� g

2
0 A 1

It follows from Aldous's Proposition 4.2 (using the fact that his�

e

=T 1 will be less

than 1 here which implies that his� ( �

e

=T 1) is at most 2( �

e

=T 1)( 1 + e

� 1
) )

E (( S

0

)

2
) � T 1

 

1 +

�

T 0

�

�

!

2( 1 + e

� 1
)

( � log � )

g

2
0 A 1 ;

where,�

�

is the minimum of all� ( y ) ; y 2 L . [We note that Aldous letsT 0 actually

be a random variable to avoid the dependence on negative eigenvalues of the chain.

18



In our case, we will be able to get an upper bound on� , the second largestabsolute

valueof an eigenvalue, so this is not necessary. A simple modi®cation of Aldous's

argument which we do not give here implies the above inequality even though our

T 0 is a deterministic quantity.]

It also follows by similar arguments that

E (( j W j � T 1 A 1)

2
) � T 1

 

1 +

�

T 0

�

�

!

2( 1 + e

� 1
)

( � log � )

A 1: (9)

Consider nowS . Recall that

E ( S j Y

( i )

; i = 1; 2; : : : T 0 + T 1 ) = S

0

:

Given Y

( i )

; i = 1; 2; : : : T 0 + T 1, the process of producing eachw

( i ) is independent.

For someY E (( S � S

0

)

2
) � E (( S � S

0

)

2
j Y

( i )

; i = 1; 2; : : : T 0 + T 1) . So, we have

Var( S j Y

( i )

; i = 1; 2; : : : T 0+ T 1) =

X

i

Var( g ( w

( i )

) � Åg j Y

( i )

) � E (( g ( w

( i )

) � Åg ))

2
� T 1 g

2
o

:

So we have, (using the inequality( A + B )

2
� 11A

2
+ 1: 1B

2)

E ( S

2
) = E ((( S � S

0

) + S

0

)

2
) � 11E (( S � S

0

)

2
) + 1: 1E (( S

0

)

2
)

� 1: 1( 1 � 300� ( u; v ) log � ) T 1A 1

 

1 +

�

T 0

�

�

!

2( 1 + e

� 1
)

( � log � )

g

2
0 ; (10)

where we have used a lower bound onA 1 which we derive now. First note that

A 1 =

vol( � ( F ( w )))

e

: 8 P

L

G

j I ( u; v ) j :

We have
P

L

G � e

: 2 R

T

G , whereT is the union of cubes inL .

In a sequence of lemmas below, we show that
R

T

G � e

4: 4vol( QQ ) . So, using

Lemma 3,

A 1 � e

� 4: 4vol( [

I ( u;v )

� ( F ( w )))

vol( QQ )

= e

� 4: 4vol( [

I ( u;v )

F ( w ))

vol( P ( r ; c ))

�

e

� 4: 4

� ( u; v )

:
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We will now use equations 9 and 10 to argue the conclusion of the Theorem. To

this end, let

E

0

@

 

1
j W j

X

w 2 W

g ( w ) � Åg

! 2

j j W j = s

1

A

= 
 ( s )

and let Pr( j W j = s ) = � ( s ) . Then equation 9 gives us

X

s

� ( s )( s � T 1A 1 )

2
� T 1A 1

 

1 +

�

T 0

�

�

!

2( 1 + e

� 1
)

( � log � )

which implies

X

s

� ( s ) 
 ( s )( s � T 1A 1)

2
� T 1A 1

 

1 +

�

T 0

�

�

!

2( 1 + e

� 1
)

( � log � )

g

2
0

Now 10 gives

X

s

� ( s ) 
 ( s ) s

2
� 1: 1( 1 � 300� log � ) T 1 A 1

 

1 +

�

T 0

�

�

!

2( 1 + e

� 1
)

( � log � )

g

2
0 :

Using the inequality 2( s

2
+ ( s � T 1A 1)

2
) � T

2
1 A

2
1, we get

X

s

� ( s ) 
 ( s ) � ( 11: 5 � 1806� log � )

1
T 1A 1

 

1 +

�

T 0

�

�

!

1
� log �

g

2
0 ;

which gives us the theorem using proposition 3.

2

Lemma 4 For any real numbert (positive, negative or zero), let

K ( t ) = P

0

( r ; c ) \ f x : x

mn

= t g and v ( t ) = Vol
N � 1 ( K ( t )) :

For t 1 � t 2 < Min ( r

m

; c

n

) , we have

v ( t 1)

v ( t 2)

�

�

r

m

� t 1

r

m

� t 2

�

n � 2 �

c

n

� t 1

c

n

� t 2

�

m � 2

:
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Proof : For a realn + m � 4 vector� = � 1n

; � 2n

: : : �

m � 2;n

; �

m 1 ; �

m 2 ; : : : �

m;n � 2

(we assume our� vector is indexed as above), de®neK ( t j � ) as the set of tablesx

satisfying

x

mj

= �

mj

for j = 1; 2; : : : n � 2; x

m;n � 1 = r

m

� t �

n � 2
X

j = 1

�

mj

;

x

in

= �

in

for i = 1; 2; : : : m � 2; x

m � 1;n

= c

n

� t �

m � 2
X

i = 1

�

in

:

K ( t j � ) is the set of tables inK ( t ) with their last row and column dictated by� .

Let us denoter

m

� t �

P

n � 2
j = 1 �

mj

by �

m;n � 1 ( t ) andc

n

� t �

P

m � 2
i = 1 �

in

by �

n;m � 1 ( t ) .

De®neL ( t ) to be the set of nonnegative vectors� satisfying :

n � 2
X

j = 1

�

mj

+ t � r

m

;
m � 2

X

i = 1

�

in

+ t � c

n

;

�

mj

� c

j

for j = 1; 2; : : : n � 2; �

m;n � 1 ( t ) � c

n � 1; �

in

� r

i

for i = 1; 2; : : : m � 2; �

m � 1;n

� r

m � 1 :

Then, we have thatK ( t j � ) is nonempty iff� belongs toL ( t ) . In general,K ( t j � )

is an ( m � 2)( n � 2) dimensional set and by the volume ofK ( t j � ) , we mean its

( m � 2)( n � 2) dimensional volume. We have

Vol ( K ( t j � )) = � Vol ( P ( r ( t; � ) ; c ( t; � ))) ; where,

r ( t; � )

i

= r

i

� �

in

for i = 1; 2; : : : m � 2; c ( t; � ) = c

j

� �

mj

for j = 1; 2; : : : n � 2;

r ( t; � )

m � 1 = r

m � 1 � �

m � 1;n

( t ) ; c ( t; � )

n � 1 = c

n � 1 � �

m;n � 1 ( t ) :

Consider the linear transformation� given by

( � ( � ))

mj

=

r

m

� t 2

r

m

� t 1
�

mj

for j = 1; 2 : : : n � 2;

( � ( � ))

in

=

c

n

� t 2

c

n

� t 1
�

in

for i = 1; 2 : : : m � 2:
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It is easy to see that� is a 1-1 map ofL ( t 1 ) into L ( t 2 ) .

Vol ( K ( t 1 )) =

Z

� 2 L ( t 1)

Vol ( K ( t 1j � )) d� =

Z

� 2 L ( t 2)

Vol ( K ( t 1j �

� 1
� )) j det( �

� 1
) j d�

=

�

r

m

� t 1

r

m

� t 2

�

n � 2 �

c

n

� t 1

c

n

� t 2

�

m � 2 Z

�

� Vol ( P ( r ( t 1 ; �

� 1
� ) ; c ( t 1; �

� 1
� ))) d�:

It is easy to check thatr ( t 1; �

� 1
� ) � r ( t 2; � ) andc ( t 1; �

� 1
� ) � c ( t 2; � ) . This im-

plies that the integrand in the last integral isbounded above by� Vol ( P ( r ( t 2 ; � ) ; c ( t 2; � ))) .

This function of course integrates to Vol( K ( t 2)) completing the proof.

2

Lemma 5 For any t 1 < 0, we havev ( t 1) (de®ned in lemma 4) satis®es

v ( t 1) �

e

2

�

mn

�

r

m

� t 1

r

m

�

n � 2 �

c

n

� t 1

c

n

�

m � 2

Vol
N

( QQ ( r ; c ))

where�

mn

= Min (

r

m

n � 1 ;

c

m

m � 1 ) .

Proof For t 2 in the range[ 0 �

mn

] , we have

Vol ( K ( t 2)) �

�

r

m

� t 2

r

m

� t 1

�

n � 2 �

c

n

� t 2

c

n

� t 1

�

m � 2

Vol ( K ( t 1))

�

�

r

m

r

m

� t 1

�

n � 2 �

c

n

c

n

� t 1

�

m � 2

e

� 2vol ( K ( t 1)) :

Integrating this over this range oft 2, we get the lemma.

Lemma 6 :

Z

QQ

0

( r ;c )

G ( y ) dy � e

2
Z

QQ ( r ;c )

G ( y ) dy � e

2vol( QQ ) :
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Proof : From the last lemma, we have for anyt 1 < 0,

v ( t 1) � e

� ( n � 2) t 1
r

m

+

� ( m � 2) t 1
c

n

e

2

�

mn

Vol ( QQ ) :

Now the lemma follows by integration.

2

Lemma 7 Let T be the union ofC ( y ) over all lcc 's y . Then we have
Z

T

G ( y ) dy � e

3: 6
Z

QQ ( r ;c )

G ( y ) dy :

Proof : We have :

T � f y :
1

N

X

j

�

ij

y

ij

� r

i

+

: 4
N

X

j

�

ij

8 i

1
N

X

i

�

ij

y

ij

� c

j

+

: 4
N

X

i

�

ij

8 j y

ij

� 0g :

(11)

This implies thatT � ( 1 +

: 4
N

) QQ

0 . Note also that for anyy in QQ

0 , we have

G (( 1 +

: 4
N

) y ) � G ( y ) e

0: 4M

P

ij

min(

P

i

r

i

;

P

j

c

j

) = ( N

2
)

� G ( y ) e

1: 6. Thus we have the

lemma using the last lemma.

2

Proposition 3

�

� 1
�

� e

5N

N

2N

e

4
:

Proof The number of states is at mostN

2N . It is easy to check that the ratio of

the maximum value ofG to the minimum over lcc 's is at moste

5N + 4 completing

the proof.

2
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Algorithm to estimate the number of contingency tables

Using the sampling algorithm, we will be able to estimate the number of contin-

gency tables in time polynomial in the data and� ( u; v ) . We will only sketch the

method here.

We ®rst estimate by sampling fromP ( r ; c ) the following ratio :

vol( P ( r ; c ))

vol( [

w 2 I ( u;v )

F ( w ))

:

Next, we de®ne a sequence of contingency polytopesP 1 ; P 2 ; : : : , each obtained

from the previous one by increasingr

m

andc

j

( j = 1 � � � n ) by
j

min
�

1
m

c

n

;

1
n

r

m

�k

until we havec

j

�

P

m � 1
i = 1 r

i

for j = 1 � � � n . Then j I ( r ; c ) j =

Q

m � 1
i = 1

�

r

i

+ n � 1
n � 1

�

and

the volume ofP ( r ; c ) is read off as the coef®cient of�

N in the easily calculated

polynomialj I ( � � r ; � � c ) j ( =

Q

m � 1
i = 1

�

r

n � 1
i

= (( n � 1) ! )

�

).

6 Bound on the spectral gap

We refer the reader to Diaconis and Strook [6] or [15] for a discussion of the

eigenvalues of a reversible Markov Chain. The second largest absolute value of

such a chain gives us a bound on the ªtime to convergeº to the steady state as

described in these references. Here, we use Theorem 2 of [15] to bound the

second largest absolute value of our chain. Note that though their theorem does

not explicitly state so, the� 2 in that Theorem is the second largest absolute value

of any eigenvalue of the chain. This section is a technical evaluation of the various

quantities needed to plug into the expression for� 2 in [15]; we do not rede®ne

these quantities here.
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We ®rst calculate the diameter ofT (the largest Euclidean distance between two

points in T ). To do so, we let

I 1 = f ( ij ) : �

ij

=

r

i

n � 1
g I 2 = f ( ij ) : �

ij

<

r

i

n � 1
g :

Then, for anyy 2 T , (using the fact that( y � : 41) 2 QQ

0 ,)

8 i;

X

f j :( ij ) 2 I 1g

y

ij

� N ( n � 1)( 1 +

: 4
N

) and

8 j;

X

f i :( ij ) 2 I 2g

y

ij

� N ( m � 1)( 1 +

: 4
N

) :

So,
X

ij

y

2
ij

=

X

I 1

y

2
ij

+

X

I 2

y

2
ij

� N

2
( 1 +

: 4
N

)

2
[( n � 1)

2
( m � 1) + ( m � 1)

2
( n � 1)] :

So the diameterd = d ( T ) of T satis®es

d ( T ) �

p

2N

1: 5
q

( n + m � 2)( 1 +

: 4
N

) :

For every unit (length) vectoru 2 R

N , with u

ij

� 0, let l ( u ) be the rayf y = �u :

� � 0g from the origin alongu . Note that the ray intersectsT in a line segment

(since y 2 T iff ( 0: 4) b 2: 5 y c 2 QQ

0 where ¯oor denotes componentwise ¯oor.)

. Let R = R ( u ) be the length of the segmentl ( u ) \ QQ

0

( r ; c ) and R 1 = R 1 ( u )

be the length of the segmentl ( u ) \ T . Then there exists ani

o

2 f 1; 2; : : : m � 1g

such that
X

j

Ru

i

o

j

�

i

o

j

N

= r

i

o

or a j

o

2 f 1; 2; : : : n � 1g such that
P

i

Ru

ij

o

�

ij

o

N

= c

j

o

. Assume without loss of

generality the ®rst option. SinceR 1 u belongs toT , the vectorR 1 u � 0: 4 belongs

to QQ

0 . So, we also have,
X

j

R 1u

i

o

j

�

i

o

j

N

� r

i

o

+ ( 0: 4)

X

j

�

i

o

j

N

:
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Using the fact that
P

j

�

ij

� r

i

, we get that

R 1 � R ( 1 +

: 4
N

) :

The above implies thatR 1 � 2R as required by (7) of [[15]].

Also, Ru belongs toQQ

0 implies

R

X

j

u

ij

�

ij

N

� r

i

8 i R

X

i

u

ij

�

ij

N

� c

j

8 j

which implies by [2]

( R 1 � R )

X

i;j

u

ij

�

ij

N

�

R 1 � R

R

X

i

r

i

�

0: 4r

m

n � 1
:

Similarly ( R 1� R )

P

i;j

u

ij

�

ij

N

is also at most 0: 4c

n

=m � 1. Thuse

M ( R 1� R )

P

i;j

u

ij

�

ij

N

is at moste

1: 6. This implies that we may take� 1 of (8) of [[15]] to be 25= 3.

Also, R 1 � R � : 4R= N . So � 2 of [[15]] is given by (since� , the step size is 0.4

here)

� 2 �

50
3

(

R

N

+

p

N ) = ( 50= 3)(

p

N + o ( 1)) : (12)

Also,

� 0 =

1
: 8

N

3
( n + m � 2)( 1 + o ( 1)) : (13)

We now want to bound( 1 + � ) of [15]. To this end, we need to prove upper and

lower bounds on
R

z 2 C ( y )

G ( z ) dz

G ( y ) �

N

wherey is an lcc. SinceG is a convex function, it is clear that 1 is a lower bound

on this ratio. To get an upper bound, we use Heoffding's bounds [18] on the

probability that the sum
P

ij

�

ij

[ z

ij

� y

ij

] deviates from its mean of 0 and (after

some complicated integration) arrive at an upper bound of 1: 05e

8= N

1: 5
.

Plugging all this into the formula for�

� 1
2 in Theorem 2 of [[15]], we get :
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Theorem 3

( 1 � � )

� 1
� [ 1: 2e

24= N

1: 5
]

N

: 4
[

N

3

: 8
( n + m � 2)( 1 +

1: 5
N

)( 28= 3)

+ 25
p

N

p

n + m � 2( 1+

: 8
3N

) + 2N

3= 2
p

n + m � 2] � ( 35+ o ( 1)) N

4
( n + m � 2) ;

For N � 10; n + m � 11, a calculation shows that the( 35+ o ( 1)) may be replaced

by 36.
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