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AbstractPrehension may be de�ned as \The act of taking hold, seizing or grasping, as with thehand" (Webster's 3rd International Dictionary). Nonprehensile manipulation, then, can be de-�ned as the manipulation of objects without grasping them. Manipulation without prehensionis a natural way of handling objects for both humans and machines. The ability to manip-ulate objects which may not be graspable increases the 
exibility of a robot interacting withits environment, without adding complexity to the mechanical design. This research analysesthe mechanics of nonprehensile contact between a simple, two degree of freedom manipulatorand a part. The intent is to develop reliable but sensorless manipulation routines for use inan automated assembly environment. While nonprehensile, sensorless devices are in commonuse in such environments, existing parts orienting devices, such as bowl feeders or the SONYAutomatic Parts Orienting System, must be custom designed for each speci�c task. To decreasethe setup or changeover time for an assembly line, what is needed is a simple but more generaldevice, which can be easily modi�ed or reprogrammed in response to a change in tasks. Wepresent a planning algorithm for sensorless parts orienting in the plane with two one degree offreedom palms. Our method �nds feasible paths through the space of equivalent state con�g-urations of the object in the palms, without requiring that the palms maintain stable supportof the object over the entire path. We show that such a device can reliably orient parts in theplane. Planning reorientations requires the geometric descriptions of the parts, the part's centerof mass, and an upper bound on the coe�cient of friction between the part and the palms. Theplans produced by our algorithm are robust to uncertainties in the part's initial state and inthe coe�cient of friction, as well as to small inaccuracies in manipulator calibration.
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Chapter 1IntroductionAs for those things which are moved by other things, this must take place in four ways;for locomotions caused by other things are four in kind (pulling, pushing, carrying, andturning)... AristotlePhysics, Book VII [9]1.1 Why Nonprehensile Manipulation?Prehension may be de�ned as \The act of taking hold, seizing or grasping, as with the hand"(Webster's 3rd International Dictionary). Nonprehensile manipulation, then, can be de�nedas the manipulation of objects without grasping them. Manipulation without prehension is anatural way of handling objects for both humans and machines. The ability to manipulateobjects which may not be graspable increases the 
exibility of a robot interacting with itsenvironment, without adding complexity to the mechanical design.Nonprehensile manipulation also forms an intermediate point in the range of manipulationoperations. At one end of this range we have operations for which complete control is necessaryor desired over the complete duration of the operation: either complete control over the object,or complete control over the object's interactions with the environment. Both power grasps andprecision grasps fall into this category. Power grasps are force/form closure grasps. We willfollow Nguyen [65] in our de�nitions of force and form closure.De�nition 1.1 (Force-closure) A force-closure grasp is de�ned as a grasp such that an arbi-trary force and moment can be exerted on the grasped object through the contacts. Equivalently,any motion of the object can be resisted by contact forces.De�nition 1.2 (Form-closure) Form-closure grasps are grasps such that the object is totallyconstrained by the contacts irrespective of the contact force magnitudes.In a power grasp, the object's degrees of freedom are completely constrained throughoutthe manipulation. As a result, the object's motion is insensitive to environmental dynamics,and the problem of controlling the object's motion is equivalent to controlling the manipulator.Precision grasps are di�erent, of course. Take robotic surgery as an example. One would notwant the scalpel to be insensitive to its environment. Still, a robotic surgeon must have precise1



control over the motion of its scalpel, to avoid sensed obstacles, and perhaps some complianceto those parts of the environment it contacts. In other words, the scalpel must be completelycontrolled throughout the manipulations.At the other end of the spectrum we have free 
ight motions of thrown or batted objects:the object's degrees of freedom are only constrained at the beginning of (or at intermittentperiods during) its trajectory, and no further control e�ort is required beyond the initial (orintermittent) forces. The subsequent motion, therefore, is extremely sensitive to environmentaldynamics and initial conditions. Control of object motion is then linked to precise control ofthe manipulator/object interaction over short periods of time. Some examples are tossing ordropping things in a waste paper basket, kicking a door shut, or playing ping-pong.In between these extremes lies a large class of operations during which complete constraintover the object to be manipulated is either undesirable or impractical, but some control overthe object is desired over its entire trajectory, in order to bring the object reliably to a desired�nal state. Moving objects which are too large to be grasped, but must be pushed or rolledto a desired location, is one example. Other examples include shutting a drawer, or pushinga door shut without slamming it. Yet another example is transferring a portion from a largebag of dried beans into a relatively narrow-mouthed jar. One way to do this is to individuallypick and place beans from the bag to the jar until the jar is full. This is an example of the �rsttype of manipulation, form closure grasp manipulation, and it is reliable, but in this particularcase, quite tedious and stupid. Another way is to scoop handfuls (or cupfuls) of beans andpour them into the jar. This works. An even better way is to �nd an appropriate type offunnel, and pour beans from the bag into the funnel until the jar is full. With respect to thebeans (rather than the bag), this is a member of the third type of manipulation. There is somecontrol over the trajectory of the beans: the funnel keeps them from spilling all over the 
oor,and directs them reliably into the jar. But the precise trajectory of each individual bean isn'tprecisely known or controlled. It is a solution which is fast and simple to execute. Anotherexample is coin sorting. One way to sort coins is to pick each coin up individually, determinethe denomination of the coin, and place it into the appropriate stack. A better way is to dumpall the coins into a device which can mechanically �lter and sort the coins by their size andweight. We claim that nonprehensile manipulation is appropriate for exactly these type oftasks. Nonprehensile manipulation is also appropriate in many situations where, rather thanforce-closure, it is su�cient to ensure that the contact forces resist a speci�c external wrench.We will call this stable support [1]:De�nition 1.3 (Stable support) An object is stably supported against gravity (or more gen-erally, any known applied wrench) if the contact con�guration balances the gravitational forceand the object can resist small perturbations in its pose.By resisting small perturbations in its pose, we mean that if the object is subjected toa small displacement, it will return to its original pose. A stably supported pose is a stableequilibrium state of the system.1.2 Why two palm manipulation?The examples of nonprehensile manipulation given above range from very large ungraspableobjects at one end, to many small objects at the other. This work concerns itself with attempting2



to reliably and quickly orient small objects, although some results may be useful in otherdomains. Directions of interest include (i) controlling the shape of constraint surfaces of systemsin such a way that constraint and external forces naturally attract the system to the desiredstate, and (ii) exploiting the system dynamics in a similar fashion, much as in the research onunderactuated manipulators. Palmar manipulation o�ers a simple domain in which to explorethese two directions, although we will mainly concentrate on the �rst.De�nition 1.4 (Palmar Manipulation) Palmar manipulation is the manipulation of an ob-ject by its interactions with 
at, nearly rigid manipulators.Palmar manipulation is somewhat analogous to manipulating an object with the palm of ahand, without using the �ngers.Some direct \beans in a funnel" style examples of manipulation are bowl feeders and Auto-matic Parts Orienting Systems [14], [40], where a large mass of parts in arbitrary orientationsare singulated and oriented by their interactions with (in the case of bowl feeders) fences andother obstacles, or (in the case of APOS systems) by an induced vibration and their interactionwith pallets of special shapes. As an example, let us imagine such a parts feeder, where partsenter from one end in random orientations, and emerge at the bottom in a single orientation(Figure 1.1). Mani and Wilson [57] designed a programmable parts orienting table where a partin arbitrary and unknown orientation is oriented (without sensors) by the motion of the table,which moves the part into contact with a stationary fence. Peshkin and others have studied thecase of parts along a conveyer belt, with stationary fences along the way to do the orientation[68], [20]. One could also design a feeder where a moving part comes into contact with movingfences, to perform the same operation that a string of stationary fences would perform serially.That string of stationary fences would be replaced by some smaller number of moving fences.Akella, et.al. [4] have begun work on such a system, the One Joint Over a Conveyer (1 JOC)system, which can arbitrarily orient parts on a moving conveyer belt, using a one degree offreedom arm.The resulting design can be more compact than a conveyer with stationary fences. It canalso be as potentially versatile as the parts orienting table, in that the resulting mechanism canbe reprogrammed for other parts, rather than rebuilding a new set of stationary fences.For the above example task, and for other tasks for which nonprehensile manipulation isappropriate, we would like the �nal state of the system to be precisely determined, but precisecontrol of intermediate states is less important. We can take advantage of this fact. We willshow, using an analysis similar to that described by Trinkle, et.al. [88],[90] that the state spaceof the manipulator and object can be divided into regions which are equivalent, in the sensethat a particular state is easily reachable from one of its equivalent states. The manipulationof an object is then a higher level (and coarser) problem of navigating from region to region.When the region containing the goal is achieved, then more careful motions can be used to �ne-tune the position of the object. Hence control of the manipulators during the coarse motionneed only be precise enough to make the regional transitions correctly, and the object will bepropelled along a correct path to the goal.For the rest of the thesis, we will use a manipulator consisting of two one degree of freedompalms modeled as a cone connected at a central hinge. This is a simple example that still cap-tures some of the basic operations of a general two palm system. For this particular example, wewill show that two basic operations into which manipulations can be decomposed fall naturally3



Stationary Fences

Moving Fences

Figure 1.1: Stationary and Moving Parts Feedersout of the equivalence region analysis described above. We believe that similar decompositionswill fall out of the analysis of other types of two palm systems.When we move beyond the quasistatic domain, inertial forces and collision forces begin tomatter. Coriolis and centrifugal forces must also be taken into account, so the object does not
y out of the palms, or out of the desired range of positions during the manipulation. Forexample, one would like to have the object make contact with the palms in such a way thatthe object does not bounce away from the expected stable position. Although we will notspeci�cally derive velocity constraints, we will give qualitative examples of the sort of velocitye�ects most common to this system.1.3 Related Work1.3.1 Fine-motion PlanningOur work and much of the sensorless work presented below is based on the framework developedby Lozano-P�erez, et.al.[52], for synthesizing compliant, �ne-motion strategies for assembly tasks.This framework in turn based its analysis on the con�guration space [51] approach for analysinggeometric motion planning and collision avoidance problems. In con�guration space, the poseand motion of an object with N degrees of freedom is represented as the motion of a pointin N dimensional space. Although the framework in [52] was originally designed for sensor-based robotic assembly (with uncertainty), it has been commonly used also for sensorless taskswhich involve contact between a manipulator and a part, or a part and obstacles. In particular,the idea of preimages, that is, regions of a part's con�guration and state space for which acommanded velocity (including some bounded imprecision in the execution of the commandedvelocity) is guaranteed to reach a goal, has proven to be a useful way of describing sensorlessparts orienting strategies. 4



1.3.2 Prehensile Manipulation and Force-Closure GraspsThe research in prehensile grasping and force-closure grasping is far too extensive to be surveyedhere. We cite a few examples which take approaches which we have felt to be in some way similarin 
avor to ours.Trinkle and Paul [89] analyse the interaction of �ngers and objects for the purpose of �ndingsqueeze grasps to lift objects, both in the frictionless and frictional cases. They partition thevarious con�gurations of contact between the object and �ngers into regions where the objectwill either slide out of the grasp, jam, or be lifted o� the support surface when a squeezing forceis applied. Kao and Cutkosky [42] study the object-�nger interaction for the case of a stable(either stably grasped or stably supported) object and �ngers in sliding compliant contact withthe object. The emphasis is on determining the relative trajectory and forces between the objectand �nger during the �nger motion. Aiyama, Inaba, and Inoue [2] describe manipulation bypivoting, whereby an object is positioned without being fully grasped, but forces are applied insuch a way as to \walk" the object into the goal pose. Because the moving contacts are nowpoint contacts, resistance forces due to friction are diminished.Brock [18] speci�cally allows slip in a controlled manner to reorient an object in a three�ngered dextrous hand. When the �ngers are in general position, the three contacts pointsde�ne a plane, the grasp plane. De�ne the force focus to be the point in space through whichthe three contact forces must pass. This point lies somewhere on the grasp plane, possibly at apoint at in�nity. If the three contact points are on a line, then, according to Brock's formulation,the force focus is somewhere on that line. For a given object and a given coe�cient of friction,one can generate a constraint state map, which describes regions in the grasp plane for whichthe motion of the object has the same constraints and freedoms. One can then cause a desiredmotion to the object by moving the force focus (varying the forces exerted on the object byeach �nger) into a region where the constraints on the object will cause the desired motionto happen. The Salisbury Hand, which was used in Brock's experiments [19], had a tactilesensor which directly measured contact location on the �ngertips, as well as the normal andtangential forces at the contact. In addition, Brock directly inferred the contact mode (stickingvs. slipping), by looking for high frequency components in the force readings; by comparing themean values of normal and tangential force, he could also infer whether the presumed slippingwas rotational or translational. There was, however, no feedback on the contact force, and nodirect information on the object's absolute position in the hand. Yoshikawa, et.al. [96] alsostudy the use of controlled slip by a three-�ngered hand. They determine a unique force thatwill cause a �nger to slip in a desired direction, while maintaining the stability of the object inthe grasp.Ponce and Faverjon [71] study three �nger, force-closure frictional grasps. They developa conservative method of calculating grasps: independent contact regions. In an independentcontact region, any triple of contact points such that there is one contact in each region will giveforce-closure. These contact regions are a generalization of Ngyuen's [65] formulation for two�nger frictional force-closure. Ponce and Faverjon's formulation uses a minimum value of thecoe�cient of friction, �min, such that the calculated grasps are force-closure for any coe�cientof friction � > �min.Ponce also develops a four-point frictionless grasp planner for the purposes of parts �xturing[72]. This approach is based on the idea of second order immobility, due to Rimon and Bur-dick, [78] rather than on the traditional force-form closure approach. Second order immobilitydescribes grasps which prevent all �nite motion of an object, due to curvature e�ects, despite5



the fact that di�erential analysis may not identify the grasp as force or form closure. Fewerfrictionless contacts are required for second order immobility than for complete force or formclosure.Brost and Goldberg [23] describe an algorithm for designing planar �xtures from a modular�xture kit. These �xtures are four-point frictionless form-closure, and can be selected basedon arbitrary criteria for optimality. Wallack [92] presents two �xturing algorithms, one whichcompletely enumerates all feasible �xtures for a given part and �xture kit, and a more e�cientheuristic approximation to the enumeration algorithm.Rimon and Blake [77] present the caging problem: to surround an object with a (frictionless)multi�ngered hand in such a way that, although the object can still move, it cannot escape the\cage" of the �ngers. The con�guration of the hand is described as a one-parameter set in sucha way that as the parameter is decreased, the �ngers approach the part, and ultimately graspit. This is similar to the work by Brost [21], in that uncertainty in the part's position can becompensated for by an appropriate intial cage, and that uncertainty can be reduced as the cageparameter is decreased until the object is grasped.Abell and Erdmann [1] use two �nger stable support to plan hando�s of an object betweensets of frictionless point �ngers.1.3.3 Nonprehensile ManipulationOne of the earliest examples of robotic nonprehensile manipulation is quasistatic pushing in thepresence of friction ([58], [21], [53], [69], [20], [56]). In particular, Peshkin [69] works out theminimum distance which a \fence" (or palm) must push an object so that it will be guaranteedto come to rest aligned with the fence at the end of the motion. Goyal [38], [39] shows that themotion of an object on a frictional support surface can be determined if the pressure distributionof the object is known. Peshkin and Sanderson [69] and Lynch [53] analyze this situation whenthe pressure distribution is not known. Mani and Wilson, Peshkin, and others ([57], [68], [20],[95], [4], [3]) use the mechanics of pushing to design parts orienters or parts �lters with asequence of fences, similar in function to the vibratory bowl feeders and other orienting systemsdescribed by Boothroyd, et.al. [14].When pushing a planar lamina, the gravitational and support forces are perpendicular tothe plane of interest. Bat juggling [25], [49] may also be considered as palmar manipulation ofone (or more) objects, where now gravitational forces also have a component in the plane ofinterest.Bicchi, et.al. [12], present mobility and manipulatibility analyses for general multi-limb ma-nipulators, including nonprehensile cooperating robots. For a given object/manipulator pose,under the assumption of a force closure grasp, they present, among other things, a way to par-tition the manipulator joint space into regions of di�erential motions with di�erent qualitativebehavior. Some of the regions identi�ed could include regions where di�erential motion a�ectsmanipulator pose but not object pose, regions where di�erent freedoms of the part remainunconstrained, or regions where there is one-to-one correspondence between manipulator andobject velocity. They can also identify allowable and unachievable object motions.Yun [97] studies two manipulators with open palm end e�ectors manipulating an object byhaving one palm push from one end, and another palm push at the other end. The desired e�ectis to push with both palms hard enough so frictional forces counteract gravitational forces, butnot so hard as to damage the object. Coordinated pushing is then used to maneuver the objectas desired. This work was extended in Paljug, et.al. [66], [67]. Here, two planar palms are6



used to manipulate large objects in free space. A primary di�erence between the work of Paljugand Yun and the work described in this dissertation is the emphasis in the former on forceclosure. Rolling contacts between the palms and the object are permitted, but the contacts arenot allowed to slip or break. Hence, direct control over the object state must be maintained atall times. In our present work, however, the object state is not directly controlled at all times,but merely guided towards the desired goal. This type of manipulation, and indeed much ofthe work on pushing may be considered passive manipulation, in contrast to the more activemanipulation explored in the work of Paljug, et.al., and in much research on grasping.Examples of passive manipulation include the manipulation techniques of Trinkle, et.al.([90], [36], [85], [86]). Their analysis and planning uses the idea of contact formations originallypresented by Desai, and incorporated into a planner for dextrous manipulation by Trinkle andHunter [88]. The work described in this dissertation follows a similar method to Trinkle, et.al..However, the paths through con�gurations space by [90] and [88] are apparently constrainedto always correspond to stable grasps, whereas the method described in our work allows verysmall unstable motions during the transition from state to state.Of particular interest in the above set of work is Farahat and Trinkle [36], as well as Trinkleand Zeng [91]. Farahat and Trinkle attempt to �nd upper bounds on the coe�cient of frictionfor which the plans found by a planner using the frictionless assumption will still work { in otherwords, all contacts will slide. Trinkle and Zeng treat the coe�cient of friction as a variable inthe analysis performed by the planner, and determines the ranges of the coe�cient of frictionfor which a particular contact mode will be feasible. These considerations are important, sincethe coe�cient of friction cannot in general be precisely known.Erdmann [33] is also exploring the use of friction and compliance in nonprehensile palmarmanipulation. He studies \slide transfers" of objects from a palm to another planar surface(such as another palm), and the di�erent behaviors of the object for di�erent velocities and\transfer angles" of the palm.A related concern is that of determining stable poses of assemblies in a gravitational �eld,when those assemblies are not rigidly attached. In this case, we will say that the assembly isstably supported [1] against gravity. The problem, both with and without friction, is addressedby Mattikalli, et.al. [61], [62]. They show that for a �xed assembly (to make an analogy withour work: for palms at a �xed relative angle to each other, and a part in a particular equilibriumposition in the palms), the orientations of the assembly for which stable support is maintainedform a convex region on the surface of a unit sphere [62]. We will take advantage of this resultin generating our reorientation plans.Of particular interest is the e�ect of impact dynamics in the manipulation domain. Mostprevious strategies for planning manipulation tasks have relied on an assumption of quasi-staticmechanics in the analysis of the physical system. This constrains the plans to situations thatare slow moving, and in which contact dynamics can be neglected.One can imagine situations where one cannot make these assumptions, or when a model ofthe contact dynamics would be useful. In making contact with an already moving or acceleratingobject, for instance, the inertial properties of the object a�ect the motion which results fromthe applied forces of collision. Knowledge of the magnitudes as well as the direction of forcesand velocities becomes important. Juggling and table tennis are two such domains that havebeen explored in robotics.Mason and Lynch [59], [60] explore the use of dynamic properties for controlled club throw-ing. In [54], Lynch analyzes the conditions for desired goal states to be reachable, both for7



pushing and for dynamic manipulation. In particular, he is interested in the conditions underwhich a one degree-of-freedom manipulator can take a part to a full-dimensional subspace ofgoal states. Arai and Khatib [7] studied the exploitation of inertial properties of objects formanipulation of objects in ways other than throwing. They base their approach on work byArai and Tachi [8] in using dynamic coupling to control passive joints.Some work has been done to study models of dynamic collision for use in robotic domains.Raibert [73] designed a dynamically stable hopping robot, modelling the bounce as a springand damper system with perfectly inelastic collision. This system was further analyzed byKoditschek and Buhler [49]. Andersson [6] designed a ping-pong playing robot which used asimple model of point-mass collision to predict the motion of the ball after striking. Wang [93]attempts to characterize the qualitative behavior change in the motion of objects upon collision.In [94], he presents simulations and analysis of systems with intermittent constraints, and usesmodels of those systems in planning manipulation tasks. In both cases, a rigid body modelof impact is used. This model has the advantage of being relatively simple, although otherresearchers have shown inconsistencies do exist, particularly if one looks at energy dissipation([82]). Buhler [25] analyses a planar puck juggling system. This system was extended to threedimension by Rizzi [79]. Planar bat juggling for polygonal objects was examined in [98].1.3.4 Parts OrientingThe work by Brost [21] on the orientation of objects by \squeeze grasps" is analogous to palmarmanipulation of one object with two hands, with gravity perpendicular to the plane. He �ndssets of actions which reliably orient a part in the presence of uncertainty in the part's location.Goldberg, and later Rao and Goldberg ([37], [74]) found algorithms for determining sequencesof squeezes of a parallel jaw gripper which will reliably orient (up to symmetry) frictionless,polygonal or algebraic, planar parts from an arbitrary and unknown initial orientation, withoutsensors. Mason and Erdmann [34] use gravity to propel parts onto a 
at surface, or into acorner formed by two perpendicular 
at surfaces, in such a way that the resulting contact forcesreliably orient a part. A three-dimensional generalization of this planner was presented in [35].The computational complexity of a simpli�ed version of this tray tilter, and of other partsfeeding systems, was analyzed by Natarajan [64].Examples of nonprehensile parts orienting systems include bowl feeders and Automatic PartsOrienting Systems [14], [40], where a large mass of parts in arbitrary orientations are singulatedand oriented by their interactions with (in the case of bowl feeders) fences and other obstacles,or (in the case of APOS systems) by an induced vibration and their interaction with palletsof special shapes. Krishnasamy, et.al. have begun the analysis of APOS pallets, with the goalof automating their design [48]. Peshkin and others have studied the case of parts along aconveyer belt, with stationary fences along the way to orient them [68], [20]. Mani and Wilson[57] designed a programmable parts orienting table where a part in an arbitrary and unknownorientation is oriented (without sensors) by the motion of the table, which moves the part intocontact with a stationary fence. Akella, et.al. [4], [3] have begun work on the One Joint Over aConveyer (1 JOC) system, which can, without sensors, orient parts with arbitrary initial stateon a moving conveyer belt, using a one degree of freedom arm.Caine [26] developed a graphical tool which allows a designer of a bowl feeder track, orother parts orienting/�xturing device, to directly manipulate the con�guration space obstaclesrepresenting the part in the track. Although the inverse transformation from con�guration spaceto real space is not always unique, Caine's system performs an online di�erential modi�cation8



of a given real space system in response to the designer's manipulations in con�guration space.Joskowicz and Sacks [41] present an algorithm for the qualitative analysis of mechanisms. Thequalitative state of a system is described in terms of positions, velocities, and contacts betweenparts, and by qualititive descriptions such as \engaged" or \disengaged". Their algorithmidenti�es qualitatively equivalent regions of the system state space, and the transitions betweenregions. Hence, one can describe the behavior of a system for given initial conditions as asequence of transitions from one qualitative state to another.1.3.5 Capture RegionsParts orienting algorithms, particularly the sensorless sort as described above, take advantageof the fact that stable object poses generally form a discrete set, thus constraining the searchover the state space. Boothroyd, et.al. [15] empirically derive the distributions of the stableresting aspects of a part, for use in designing bowl feeders. Mirtich, et.al. [63] present variationsof quasi-static estimation methods for estimating the pose statistics of dropped objects, as wellas the use of dynamic simulation to directly simulate the pose statistics.In his dissertation, Brost [22] describes the notion of a half-space invariant. In a systemwith a half-space invariant, the possible future con�gurations of a point originally at rest areconstrained to lie in some half plane whose boundary goes through the original con�guration ofthe system in con�guration space. A variety of physical systems satisfy this condition, includingan object falling in a gravitational �eld. He describes an algorithm to determine preimages ofgoals for such systems in con�guration space.Kriegman uses potential energy minima to constrain the possible poses of a 3D object restingon a 
at surface, this reducing the search space for image recognition algorithms [46]. He laterextended this work to the problem of determining capture regions of dropped 3D objects. If apart is placed on a plane perpendicular to gravity, in the absence of any initial kinetic energythe part will fall to a unique resting position if its initial pose was in the capture region of thisresting position. In [47] he shows how to determine the capture regions of smooth objects. In[75], knowledge of these capture regions is incorporated into a parts feeding system. In ourwork, we will also use the idea of capture regions to constrain the poses of a part resting in twopalms, rather than on a single plane. We will show how moving the palms can move this partfrom one stable pose into the capture region of another pose.B�ohringer, et.al. [13] study the design of programmable vector �elds, implemented on arraysof microelectromechanical vibrating actuators, or on macroscopic vibrating plates, to orient or�lter parts. They use the vibratory motion to design \potential �elds" such that the part isdrawn into a local minimum in the appropriate con�guration.1.4 Outline of the ThesisChapter 2 will review mathematical tools necessary for the analysis of a nonprehensile manip-ulation system, and for designing a planner.Chapter 3 will focus on �nding plans for orienting objects reliably to known goal statesfrom known initial states. All reorientation plans can be decomposed into two basic types ofmanipulator motions. If a certain operation is feasible, all polygonal parts can be oriented:that is, they can be brought from any stable initial state to any stable goal state. Even whenthis operation is not feasible, we can �nd conditions under which a polygonal part can be9



oriented. We show that the plans found are repeatable, and robust to small errors in manipulatorcalibration.Chapter 4 will focus on relaxing the requirement that all contacts slide, in order to extendthe model to systems with higher coe�cients of contact friction. Chapter 5 will present anextension of the basic algorithm to the case of orienting a part from an unknown initial state.The space of all possible manipulator motions can be reduced to a �nite set of motions, suchthat a part can be oriented to a given �nal state if and only if a plan can be found using thisset of motions. Again, these plans are repeatable and robust to calibration errors. Using theconsiderations of Chapter 4, the plans are also viable for any coe�cient of friction between thepart and the palms, up to the upper bound estimate of friction used to �nd the plans.Chapter 6 will discuss ways of avoiding unpredicted e�ects due to higher kinetic energy.Chapter 7 will present theoretical results on the algorithmic complexity of the planner, as wellas proofs of many of the assertions made in the previous chapters. Finally, Chapter 8 willpresent conclusions and directions for future work.
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Chapter 2Analysis ToolsGeometry furnished God with models for the Creation and was implanted in man, togetherwith God's own likeness. Johannes KeplerHarmonices Mundi, 1619 [44]In the previous chapter, we discussed brie
y the distinction between what we called activeand passive methods of manipulation. Active methods are those methods which actively seekto completely control the object at all times throughout the course of a manipulation. Passivemethods, in contrast, try to exploit mechanical constraints in order to achieve the desired goal,without directly controlling all the degrees of freedom of the object. To maintain force closureis an active concept; to maintain stable support is a passive concept. Sensorless techniques arepassive, and sensor based techniques tend to be active. Active methods of manipulation | and,in fact, any closed-loop robotic task, such as mobile robot navigation | require a di�erent styleof analysis from passive, open-loop methods, such as those used in sensorless nonprehensilemanipulation. Much of the work on pushing and parts orienting may be considered passivemanipulation.With closed-loop methods, sensory information is available, and the instantaneous state ofthe object is known, at least approximately. Hence techniques which are local or di�erentialin nature are entirely appropriate. Control theoretical methods, or any form of analysis whichis based on the (possibly implicit) integration of di�erential equations fall into this category.Some global properties, such as the asymptotic stability of goal states, or the controllability ofthe system, are considered in designing the control system. However, the act of manipulationin these cases is essentially that of reacting to the present state of the system, di�erentially.Furthermore, this style of thinking about the problem naturally leads to the desire to pick aspeci�c trajectory through the state space which the object (not just the manipulator) is obligedto follow exactly on its way to the goal.Sensorless techniques, in particular passive nonprehensile manipulation, require a di�erentstyle of analysis. Since moment to moment information about the system state is not available,the analysis techniques are necessarily global and more qualitative in nature. Concepts such asregions of stability or regions of convergence become the only tools available. The evolution ofthe system state is expressed not in terms of velocity or acceleration, but in terms of directionsof motion and lines of force, in a magnitude independent way. The idea of having the objectfollow an exact trajectory is often less feasible in the passive nonprehensile case.11



In principle, one could try to integrate out the di�erential equations corresponding to allpossible scenarios and trajectories. In practice, it is better to try to represent these sets ofdi�erential equations as some aggregate geometric entity, which can be reasoned about as awhole. One advantage of viewing the system state space in this inherently global way is thatrobustness issues automatically come under consideration. Because we have no way of detectingand correcting errors when they occur during a task, we must try to be robust in the face ofuncertainty: uncertainty about the system state, errors in manipulator calibration, uncertaintyabout system geometry and parameters. We have not covered all of these issues explicitly inthis thesis. We have covered a few, and have discovered that a few more have come along,\for free." We achieve this robustness because in navigating around in the state of our globalgeometrical constructs, we can pick trajectories in the interior of \good regions." In this way weavoid singularities and borderline cases. We cannot force the object to follow a predeterminedtrajectory, but by picking the global constraints correctly (in our case, the direction of theambient potential �eld), we can still guide the object to a �nal desired goal in a reliable way.In this chapter, we will brie
y review some geometric constructs which have proven to beuseful for sensorless manipulation. These constructs may also be useful for the analysis ofclosed loop systems, just as traditional dynamical systems analysis can also be useful in openloop domains. We present them here as having been particularly useful in solving the type ofproblem presented in this thesis. We will discuss Con�guration Space, Friction Cones, Centersof Rotation, and Cone Analysis. We also include a section on Impact Dynamics.2.1 Con�guration SpaceCon�guration Space as an analysis tool for robotics was �rst presented by Lozano-P�erez [51].Using con�guration space, the problem of determining the motion and interaction of rigid bodiescan be reduced to the problem of determining the motion of a point body in a higher dimensionalspace. While con�guration space analysis is primarily used for motion planning, it can also beused for mechanical analysis, much in the manner of the generalized coordinates of ClassicalMechanics.The con�guration space (cspace) of an object has the same dimensionality as the object'sdegrees of freedom. A planar object, therefore, generally has a three dimensional con�gurationspace, and a three-dimensional object has a six dimensional con�guration space. Since thiswork concerns itself with planar objects, we will discuss three dimensional con�guration space,although most of what we say will generalize.2.1.1 Con�guration Space ObstaclesAn object moving freely in the plane is equivalent to a point moving about in three dimensionalcspace, where the three coordinates of the cspace correspond to the horizontal (x), vertical (y),and rotational (�) location of the object in the plane. Let the �rst two components, (x; y),describe the motion of the center of gravity (CG) of the planar object. The third componentrepresents the object's orientation in radians, but in order to make the cspace of the objectindependent of the measurement units of the planar system, it is normalized by multipying bythe object's radius of gyration, �. Imagine a planar object, and a planar ring of the same mass,in�nitesimally thin, with uniform mass density over the ring. The moment of inertia of theplanar object about its CG is Iobj , that of the ring is m�2, where � is the radius of the ring and12
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Figure 2.1: left: A square with sides 2 units long in the plane, with a wall at y = 0 as anobstacle. right: The corresponding con�guration space obstacle.m is the mass of both the ring and the object. If the object and the ring have the same momentof inertia, then the radius of the ring is the radius of gyration. In other words, Iobj = m�2.Using these normalized coordinates, the position of an object is described in con�guration spaceby the vector x = 264 xy�� 375 :An object moving in the plane among stationary obstacles is equivalent to a point massmoving through three dimensional cspace among stationary three-dimensional obstacles. Theboundary of the cspace obstacles is de�ned by the positions and orientations of the planarobject where it makes contact with the planar obstacles. See [50] for an excellent description ofconstructing cspace obstacles.For example, consider a square with sides of length 2 in the plane with an in�nite wall alongthe y = 0 axis as an obstacle. The center of gravity of the square is at its exact center. Thecspace obstacle would be a curved wall in three space, whose cross section in the (��; y) planewould be piecewise sinusoidal, described by the equation y = p2 sin(�+ �4 ), with period �2 . Thiscross section would be the same as x varied. See Figure 2.1.To see how this surface is obtained, suppose that at the orientation � = 0 the square sitsagainst the wall as shown in Figure 2.2. The vector v0 from the left vertex of the resting edgeto the center of gravity makes an angle �=4 with the horizontal, and the height of the centerof gravity at this state is y = jv0j sin�=4 = p2 sin�=4. As � is increased, with the squaremaintaining contact with the wall at vertex v0, the height of the center of gravity will vary asy = p2 sin(�+ �=4) until vertex v3 makes contact with the wall, at � = �=2. By the symmetryof the square, the above curve will repeat itself at each vertex. Since the wall is in�nite and
at, it does not matter where along the wall we �rst make contact, and so the surface of thecspace obstacle will not vary along the x direction. However, moving the wall (tilting it in theplane) would correspond to rotating the obstacle in cspace, since now the y coordinate of thecspace obstacle has an x dependency, as well.As another example, let us look at a part held in two (in�nite length) palms joined at13
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their intersection. The set of poses for which the object makes contact with both palms1 canbe described as a curve parameterized by �, the orientation of the object. This curve can bethought of as the intersection of the surfaces of the cspace obstacles which describe each ofthe palms. If we use the world reference frame of Figure 2.3, where gravity is antiparallel tothe y axis, then the y coordinate of this curve is proportional to the potential energy of theobject in the palms. In Figure 2.3, we show two such curves for a part in a pair of palms witha �xed angle relative to each other, at two di�erent orientations with respect to gravity. Thelocal minima of the curves correspond to the orientations of the part for which it is in stableequilibrium in the palms.2.1.2 Force Equations in Con�guration SpaceVelocity, acceleration, force and torque can also be represented in con�guration space. Velocityand acceleration vectors are derived from position vectors by time derivation, as in real space.Force and torque vectors represent the force exerted on the object, and the moment exertedabout the object's center of gravity. Again, because force and torque have di�erent units, thetorque component of the cspace force vector is normalized by �, the object's radius of gyration.This has the advantage that the standard force equation m�x = F still holds in cspace:m264 �x�y��� 375 = 264 FxFy�=� 375 :Frictionless contact forces, which arise when the point mass in cspace contacts a cspaceobstacle, are described by the normal to the surface of the cspace obstacle at the contact point,in analogy to real space frictionless contact. The cspace contact force vector describes the forcesexerted on the real space object and the moment about its center of gravity which arise fromthe real space contact forces.For example, suppose an object makes point contact with an obstacle at a point r on thesurface of the object, as in Figure 2.4. r is the vector from the object CG to the contact point, insome coordinate frame. Suppose the unit normal to the obstacle surface at the point of contactis n, in the same frame. Then the cspace unit normal contact force vector is given byFn = �p1 + (r�2D n)2 264 nxny(rxny � rynx)=� 375 (2.1)where the numerator of the third component is the two dimensional cross product, r �2D n,which gives the moment exerted about the CG by n. Any frictionless contact force exerted atthis contact will be a nonnegative multiple of the vector Fn.Tangential forces at a contact, such as those arising from friction, are given similarly. If t isthe unit tangent vector to the surface of the obstacle at the contact point (such that t�2Dn = 1),then the cspace tangential force is given byFt = 264 txtyr�2Dt� 375 : (2.2)Note, however, that Ft is usually not perpendicular to Fn.1For the purposes of this discussion, contact with the vertex will be considered contact with both palms.15
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Figure 2.5: Friction cone of point mass on palm2.2 Friction Cones2.2.1 Friction Cones in Real SpaceWe will consider a point mass resting on a 
at palm. (See Figure 2.5). If the coe�cient offriction between the mass and the palm is �, then the frictional force exerted on the mass canbe described by a friction cone. The friction cone is symmetric about the contact normal, withan half opening angle arctan�. Let the unit palm normal be n, and let t be such that the crossproduct of t and n is positive unity. Then the friction cone is described by the relationjftj � �fn;Where ft and fn are the tangential and normal components of the contact force, respectively. Ifthe force f exerted by the object on the palm lies somewhere inside the friction cone, then frictionwill completely balance the exerted force, and the mass will remain stationary. Otherwise,16



friction will resist the exerted force with a contact force fnn+ �fn(sgn ft)t, where fn = �fTnand ft = �fT t. This force corresponds to the edge of the friction cone which points in theopposite tangential direction as f . For a point mass, it is easy to see that the tilt angle of thepalm for which the point mass will begin to slide is given by j�j = arctan�.For objects with extent, multiple frictional point contacts can be described by a frictioncone at every contact. Whether or not a particular contact slides or rolls (sticks) depends onwhether or not the forces experienced at that contact point lie inside the friction cone at thatcontact. For a line or edge-edge contact between two bodies, under a rigid-body assumption itis su�cient to consider only the friction cones at the endpoints of the contact.2.2.2 Friction Cones in Con�guration SpaceFriction cones in con�guration space for a single point contact are given analogously to those inreal space. They are planar, and their edges are described by the vectors Fn � �Ft, where Fnand Ft are given by equations 2.1 and 2.2. As noted, however, Fn and Ft are not perpendicular,and the cspace friction cone is not symmetric about Fn. In fact, Ft may actually dip belowFt in certain cases, causing the frictional forces to actually \pull" the object into the obstacle.See [32] for a more rigorous treatment of cspace friction cones, and [55] for a discussion of theanomalous \pulling" scenario.In the case of multiple point contacts, we will depart from the procedure used in [32],and treat the con�guration space friction cone directly as the cone combination of each of theindividual cones due to each contact.De�nition 2.1 (Cone combination) A cone combination of a set of vectors is the coneformed by all possible nonnegative combinations of the vectors.A cone combination is similar to a convex combination of a set of vectors, except that in aconvex combination, the weights on the vectors must sum to unity.The question of whether or not an object can move, or must remain stationary, becomesthe problem of checking whether or not the vector of applied forces lies within the aggregatecspace friction cone. This condition is actually only potential stability [62]: there is somenonnegative combination of frictional contact forces which can balance the applied gravitationforce. Unlike in the frictionless case, where a part is stable if and only if the contact forcesbalance the applied forces, a part in a potentially stable frictional grasp or support is notnecessarily guaranteed to be stable. For examples of this frictional indeterminancy, see [62].To determine if a object is in a guaranteed stable con�guration in the presence of friction,however, is computationally intractable [10], whereas potential stability, which can be phrasedas a question of cone containment, is no harder than linear programming.2.3 Centers of Rotation and Frictional Contact ProblemsAnother way of representing the rigid motion of planar objects, which has the advantage ofactually being representable in the plane, is as signed centers of rotation. The center of rotationof a rigid motion is that point in the plane which rotates without translation under the actionof the rigid motion. For example, if one were to apply a pure torque to an object, the center ofrotation of the resulting motion would be the center of gravity of the object, with an associatedsign denoting whether the rotation was positive or negative. A pure translation has a center17
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 of center of gravityFigure 2.6: Motion of Center of Gravity due to rotation about a rotation centerof rotation at in�nity. The method presented here is based on that given by Brost and Mason[24]. Strictly speaking, since we are talking about forces, what we would like is really thecenter of acceleration: the one point in the plane which is instantaneously unaccelerated dueto the action of a particular line of force. In general, the center of rotation and the center ofacceleration because the direction of motion and the direction of acceleration are generally notthe same. Under the quasistatic assumption, however, the instantaneous velocity of the objectis low enough that the motion of the object will be dominated by the applied forces, and thecenter of rotation and the center of acceleration will coincide.Given a center and direction of rotation, one can easily determine the resulting motion ofan object of interest in the plane. Recall that the cspace force vectors have a third componentwhich is taken with respect to the center of gravity of the object, and which is normalized bythe radius of gyration of the object. Therefore, it is quite natural to take the CG of the objectas the origin of our reference frame, and to take the radius of gyration as the unit of length. Inthe following, we will assume that this is so.The quasistatic equation describing the instantaneous velocity of the object in the plane isv = �! � r264 vxvy0 375 = �264 00! 375� 264 rxry0 375where v is the motion of the center of gravity due to some rigid motion, r is the center of rotationof that rigid motion with respect to the object's center of gravity, and ! is the rotation of theobject. � denotes the cross product. This gives the motion of the object's CG in the plane, andhence the �rst two components of the con�guration space velocity vector. The third componentwould of course be !. Under the quasistatic assumption, the instantaneous acceleration of theobject is in the same direction as the instantaneous velocity.18



This observation gives us a method for determining the feasibility of a motion under qua-sistatic frictional contact. Suppose we have an object in known contact with an obstacle. Wealso know the external forces applied to the object. The equation of motion in con�gurationspace is m�x = FA +Xi fciwhere FA is the vector of applied forces, and fci is the frictional contact force at the ith contact.The problem is that the fci are generally not determined without knowing m�x, but m�x can'tbe determined without knowing the fci. As we will see, however, there is a way to determinefeasible centers of rotation and their associated rotation senses. Given a center of rotation, r,and a direction of rotation, sgn!, the con�guration space acceleration which would result isgiven by the vector m�x / 264 ry�rx1 375 sgn!as shown in Figure 2.6. The object acceleration is only proportional to this vector, with theconstant of proportionality being the magnitude of the object rotation. From a postulateddirection for m�x, we can determine the directions of the resulting contact forces fci, as willbe shown in the next section. In cspace, these fci form a cone, CF , of frictional contact forcedirections. In order for an acceleration direction to be physically plausible, there must besome nonnegative combination of the force directions FA and CF which sums to form m�x. Theproblem of �nding feasible motions of the object subject to frictional contact can now be stated:Determine whether m�x is contained in CF � FA; (2.3)where � denotes the operation of cone combination.2.3.1 Finding Possible Centers of RotationWe can use a kinematic analysis due to Reuleaux [76] to determine possible centers of rotation.Consider a point contact against the edge of a body, as shown in Figure 2.7. Any point to theleft of the contact can only be a center of rotation with a positive rotation sense, otherwisethe contact will penetrate the body. Points to the right of the contact can only be centersof rotation with negative rotation sense. Points on the line through the contact can rotate ineither direction. Furthermore, any center of rotation not on this line will cause the object tobreak contact. Centers of rotation on the line will cause the contact to slide either left or right,depending upon whether or not the center of rotation is above or below the contact, and whetherthe rotation sense is positive or negative. A center of rotation at the contact point causes thecontact point to remain �xed. Note that we are making no statements about the physicalplausibility of any of these centers of rotation, merely whether or not they are kinematicallyplausible, in the sense of not causing the contact to penetrate the object.If we have more than one contact point, as in Figure 2.8, we can perform the above analysison each contact separately. Regions where the di�erent contacts give con
icting rotation sensesare regions which are not plausible rotation centers. Figure 2.8 shows the regions of plausiblecenters of rotation, with their rotation directions, as well as the motion of each contact pointwhich would result for the centers of rotation in that region. If the ith character of the motionstring is \b", then the ith contact point will break contact. \l" means \slide left", \r" means19
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\slide right", and \f" means \stays �xed". For each region of centers of rotation, we candetermine the direction of object motion, and the contact forces consistent with that motion.We can determine the contact force cone CF from the contact mode as follows. If contact pointpi is in contact mode \l" (left sliding), then that contact force in con�guration space is on theright edge of the con�guration space friction cone (the edge of the friction cone which opposesthe motion). Therefore, we add the vector Fni+�Fti to CF . If pi is in mode \r" (right sliding)then add the vector Fni��Fti. If pi is in mode \f" (�xed), then the contact force is inside thefriction cone. Therefore you add both edges Fni � �Fti to CF . If pi is in mode \b" (break),then the contact has broken, and there is no contact force. Having determined CF , along withthe vector of applied forces and the vector of hypothesized acceleration, we can determine if aparticular motion is feasible, as in Equation 2.3.2.4 Cone AnalysisAs stated above, we have expressed the problem of determining the motion of objects subjectto contact constraints as the inclusion of certain vectors in convex cones; i.e., as nonnegativecombinations of the vertices of those cones. This is a standard problem in linear programming,and in certain special cases, may also be easily solved by linear algebra. For planar problems,Brost and Mason [24] have shown how to solve this problem graphically, with two-dimensionaldiagrams. They took advantage of the duality between points in velocity space (centers ofrotation) and lines of force in wrench space. In this dissertation, the problem will be presentedas cones in three dimensional con�guration space, since this method will generalize to higherdimensional problems, as well.Let M be the matrix representing a convex cone with N vertices. Each vertex of the cone isrepresented by a three dimensional column vector of M. Let xtest be the vector being tested forinclusion. Let 1 be the N dimensional vector of all ones, and c be the N dimensional weightingvector on the columns of M. Then one example of a linear program which may be used to testfor inclusion is Minimize cT1Subject to:Mc = xtestandci � 0; i = 1 : N:This linear program will �nd the minimum nonnegative weights on the vertices of the conerepresented by M such that the weighted vector adds up to xtest, if such weights exist. Otherwise,the linear program will determine that the problem is infeasible.The above linear program is a general solution to the cone containment problem; in manyof the speci�c cases which we run into in our system, the test vector xtest is the negative of thegravity vector, and the third component of the test vector is zero. In this case, it is faster inpractice to intersect M with the (x; y) plane by linear algebra, as in Figure 2.9, and comparethe resulting lower dimensional cone with �xtest (where we have now dropped the zero valuedthird component). Sort this set of vectors in, e.g., counterclockwise order, and check the anglesbetween adjacent vectors. If the maximum of these angles is less than �, then the set of vectorspositively spans the plane, and xtest is contained in M. This check can be done in O(N logN)time, where N is the number of columns of M.21
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-XtestFigure 2.9: If xtest lies in the (x; y) plane, we can test inclusion by �nding the intersection ofM with the (x; y) plane2.5 Impact DynamicsFollowing [80], the impulse equations for a body of mass m colliding with point contact againsta barrier (where it is assumed that mbarrier >> m) are given bym(vt+ � vt�) = Ptm(vn+ � vn�) = Pn (2.4)m�2(!+ � !�) = P! = Ptl cos � + Pnl sin �Here (see Figure 2.10), � is the radius of gyration of the object, vt is the relative velocity of thebody tangential to the contact normal, and vn is the component normal to the contact. Thesuperscript \+" denotes the velocity term immediately after the moment of impact, and \-"denotes the velocity term upon contact, at the moment of impact. Pt and Pn are the componentsof the impulse in the tangential and normal directions, respectively. � is the angle of the linefrom the center of gravity of the object to the contact point with respect to the contact normal,in the counterclockwise direction. Note that l sin � is the moment arm of the torque applied bythe contact normal force.For a given cspace velocity (vt; vn; �!), the velocity of the contact point is given byvtc = vt + l! cos �vnc = vn + l! sin �: (2.5)Combining (2.4) with (2.5) gives usvtc+ = vtc� + �2 + l2 cos2 �m�2 Pt + l2 sin � cos �m�2 Pnvnc+ = vnc� + l2 sin � cos �m�2 Pt + �2 + l2 sin2 �m�2 Pn (2.6)Newton's model for impact (see [80], [93], or [17]) divides the (normal) impulse into two parts,compression, when the colliding objects are moving into each other, and restitution, when theobjects move away from each other. Newton's hypothesis is that the impulse of restitution and22
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Figure 2.10: System Geometrythe impulse of compression are in the ratio e, called the coe�cient of restitution. We de�nePn0 as the impulse at full compression: that is, when vnc = 0. If we assume no friction, then Ptmust be zero for the entire impact. Hence, we have the expressions for the �nal total impulsePt = 0; Pn = (1 + e)Pn0: (2.7)We can use (2.6) to solve for Pn0 by letting vnc+ = 0. Substituting those results into (2.7),and using the last equation of (2.4) gives us the normal and rotational impulses in terms of theinitial normal contact velocity.Pn = �(1 + e) m�2�2 + l2 sin2 � vnc�P! = �(1 + e)l sin � m�2�2 + l2 sin2 � vnc�: (2.8)Substituting this back into equation 2.4 now gives us an expression for the change in velocitydue to impact, in terms of the initial velocity. This expression can then be rewritten�v = �(1 + e)(n̂Tv�)n̂ (2.9)by using the following de�nitions of the con�guration space velocities and contact normals:v = 264 vtvn�! 375�v = v+ � v� (2.10)n̂ = �q�2 + l2 sin2 � 264 01l� sin � 375 :Here, � is the radius of gyration of the object.23
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Chapter 3Manipulation Without GraspingA model is by de�nition that in which nothing has to be changed, that which worksperfectly; whereas reality, as we see clearly, does not work and constantly falls to pieces; sowe must force it, more or less roughly, to assume the form of the model. Italo CalvinoThe model of models [27]In this chapter, we make the following assumptions:� We will restrict ourselves to planar polygonal objects, although our methods should carryover without much di�culty to any planar object whose convex hull has a �nite numberof stable resting positions. Cylindrical objects can also be modeled as planar.� Force balance is achieved by the palms stably supporting the object against a knowngravitational force. No other external forces are considered, hence complete force/formclosure is not necessary.� We will assume that the motions of the manipulator are slow compared to gravity, so thatthe kinetic energy imparted to the object by the motion of the palm is dominated by theobject's potential energy.� We will assume that the contacts between the object and the palms are very low fric-tion (i.e., the contacts are all sliding), so that we may approximate the system with africtionless analysis.� We will model the two palms as a \cone" manipulator: two palms connected at a centralhinge. This is a simple model that still captures many of the basic operations of a generaltwo palm system.To justify the last assumption, we notice that many (though by no means all) con�gurationsof two palms which are capable of passively supporting an object can be modeled by the behaviorof the object resting in a cone (Figure 3.1). This cone is formed by the intersection of the linesalong which the palms lie. If we set a frame in the cone such that the y axis is the bisector of thecone, then all possible motions of the cone can be described as a combination of two motions.One motion is holding the y axis �xed and opening or closing the cone opening symmetrically(a pure squeeze). The other is holding the cone opening constant and rotating the y axis (apure tilt). 25
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Figure 3.1: Contact triangles and Cone framesIn later chapters, we will show how to relax the assumptions of low friction and low kineticenergy.3.1 Energy AnalysisThe motion of a polygonal object when in contact with the two palms can be determinedby constructing the con�guration space obstacle formed by the palms. Each palm generatesan obstacle in con�guration space, and the intersection of the surfaces of these two obstaclesform a curve describing the poses of the part when it is making contact with both palmssimultaneously. Taking two particular vertices of the polygon to be in contact with the palms,the feasible motions of the polygon can be abstracted by the motion of a triangle in a cone,where one vertex of the triangle is the center of gravity (CG) of the object (Figure 3.1), andthe other two vertices are the points of contact with the left and right palms, respectively. Let� be the angle of the cone opening, with the y axis of the cone frame bisecting the cone. Thecenter of gravity location is given by CG = (CGx; CGy) in the cone frame. If, further, thecone frame is tilted at an angle � counterclockwise with respect to the world frame, then thepotential energy of the object is proportional to CGx sin� + CGy cos�.We can use the potential energy of the part to identify its equilibrium positions.De�nition 3.1 (Stable Equilibrium) A part is in a stable equilibrium pose when the netforce on the part is zero, and the part will resist small perturbations of its pose. This correspondsto poses where the potential energy is locally minimized.De�nition 3.2 (Unstable Equilibrium) A part is in an unstable equilibrium pose when thenet force on the object is zero, but the object cannot resist small perturbations of its pose. Thiscorresponds to poses where the potential energy is locally maximized.26
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1Figure 3.2: Example ObjectFor a given two point contact con�guration (that is, for a given contact triangle), there is aninterval I of object orientations for which this contact con�guration is maintained as the objectrotates. The potential energy of the object as a function of orientation either has a uniquemaximium in the interior of I, or it is monotonic (The proof is given in Appendix A). Thismeans that if the cone is frictionless, then there is at most one unstable equilibrium orientationof the triangle balanced in the cone, and one or two stable resting orientations, correspondingto the triangle resting on one side or other of the cone. If we look at all the triangles formed byall possible pairs of vertices of the object, we can generate the cspace obstacle formed by thepalms, and from the cspace obstacle determine the potential function curve of the object in agiven cone tilted at a given orientation. Figure 3.3 shows a scaled example of such a curve,for the example object shown in Figure 3.2, in a cone opened �=3 radians wide, with � = 0.In this particular case, the potential surfaces are directly proportional to the y-coordinate ofthe con�guration space constraint surfaces. Since the local minima of this curve represent theorientations where two triangles are simultaneously in contact with the cone, stable orientationsof an object correspond to three point contact with the cone. Let x be the horizontal positionof the object CG in the world frame, and � be the orientation of the object in the world frame.For a �xed value of �, the curve de�ned by the intersection of the palms' con�guration spaceobstacles forms a one dimensional curve in three dimensional space, into which the constraintsurface gradients point (Figure 3.3). This curve, in turn, has local minima which attract thesystem state. Assuming that the kinetic energy of a part is always low compared to to thedepth of the potential wells, an object caught in a cone in a particular orientation will settle toa unique resting position determined by the initial position of the object upon contact, and thetilt of the cone with respect to gravity. Ensuring that the kinetic energy is low enough requiresthat the palms move slowly in comparison with gravity, and that gravity is low compared tosome ambient viscosity, or to the coe�cient of restitution of the impacts between the palmsand the part. This ambient viscosity may even be the friction between the part and the palms,provided that the \all contacts slip" condition is met. Determining the conditions for which27
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Figure 3.3: For two palms �xed at � = �=3; � = 0, the intersection of the con�guration spaceobstacles shown projected into the (� ; y) planethe coe�cient of friction simultaneously meets both the requirements on slipping contacts andenergy dissipation will be addressed in Chapter 4. Determining the necessary conditions on thepalm velocity and the coe�cient of restitution is addressed in Chapter 6.Once an object is in a stable state, the cone can be tilted back and forth within a certainrange of � while maintaining stability. For those regions of � where stable contact is maintained,@�@� = 1 (3.1)where � here is taken to mean object orientation in world coordinates.We now look at what happens as � is varied and � is �xed. If the object is already restingstably in edge contact with one palm, then for some range of �, the cone can be widened ornarrowed and the object will stay in stable contact with that palm. For the range of � for whichthe object maintains stability, @�@� = �12 ; (3.2)positive if the object is resting on the left palm, or negative if on the right palm1. Becausewe are looking at the low friction case, we are assuming that jamming cannot occur, since thecontacts are assumed always to slide.The change in orientation of an object in response to the tilting and squeezing of the conecan be described by the equation@� = 1 � @� � "2 � @� (3.3)" = �1, resting on left palm1, resting on right palm1This can be seen by noting that the angle of the left palm in the cone frame is �2 + �2 , and the angle of theright palm is �2 � �2 28



stable edge unstable edgeFigure 3.4: The bottom edge of the polygon on the left is stable; the bottom edge of the polygonon the right is not.over the range of �; � for which the object remains stably supported throughout the cone motion.3.2 Equivalence RegionsWe would like to use the above observations to plan object reorientations automatically. Ifwe look, for the moment, at the object only after it has made contact with the cone, thenthe cone/object con�guration can be characterized as a point in the space (�; �; �). We willcall all stable resting con�gurations that correspond to a particular side of the object in edgecontact with a particular palm equivalent con�gurations. For example, (see Figure 3.5), allstable con�gurations where rectangle side a rests on the left palm are equivalent. De�ne contactformations (Desai, as cited in [88], [84], [85], [86]) as the set of contact con�gurations where thesame vertices of the object are making contact with the same edges of the cone. Note that thede�nition of equivalent con�gurations forms a superset of the sets of stable contact formationscorresponding to side a against the left palm, since for some con�gurations of the cone, theobject makes three point contact, for others, two or four point contact.De�nition 3.3 (Equivalence Region) A set of equivalent con�gurations will be called anequivalence region in (�; �; �) space. The projection of this set into the (�; �) plane is theshadow of the equivalence region.Referring to Equation (3.3), we see that an equivalence region in (�; �; �) space is a planarsurface. Figure (3.6) shows the projection of this equivalence region into the (�; �) plane. Theequivalence regions of most interest are those which correspond to stable edges, since desiredgoal states will most likely correspond to states in such regions.De�nition 3.4 (Stable Edge) A stable edge of an object is an edge on which the object canrest on a horizontal palm, unsupported by the other palm, without tipping over, in the face ofsmall disturbances.In other words, as shown in Figure 3.4, a stable edge is an edge es such that, if one were toproject the center of gravity onto es, this projection would lie in the interior of the line segmentes. For stable edges, the equivalence regions can be shown to be simply connected (see Chapter29
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Figure 3.5: Di�erent contact formations which are in the same equivalence region7): for any two con�gurations in an equivalence region, there is a stable trajectory from onecon�guration to another. Hence, if we have the point (�des; �des; �des) as our goal state, thenan immediate subgoal is to reach the corresponding equivalence region.We note here that the interior of what we are calling equivalence regions are supersets ofwhat are called in [85] passive �rst order stability cells (passive FS cells). First order stabilitycorresponds to con�gurations of the object in the manipulator where the potential energy is atan equilibrium point and any feasible in�nitesimal perturbation of the object strictly increasesthe potential energy [84]. An FS cell is active if some of the joints of the manipulator mustbe compliance-controlled in order to maintain stability as the object is manipulated (this isgenerally true if there are more joints than there are degrees of freedom of the object). An FScell is passive if only position-control of the manipulator is necessary. Speci�cally, one of ourequivalence regions contains a union of one or more passive FS cells, each one corresponding toa di�erent contact formation. An equivalence region corresponds to a region in con�gurationspace for which a completely (�rst order almost everywhere) stable path exists between any twopoints in the region.Recall that for the low friction, low kinetic energy case, every con�guration for the objectand cone which lies on the intersection of the con�guration space obstacles of both palms (exceptfor the unstable equilibrium orientations) is attracted to a unique stable resting con�guration.Then for a �xed cone, every stable object orientation �s has a neighborhood of orientationswhich converge to �s. Taking the union of all these neighborhoods in (�; �; �) space gives thepreimage PS of an equivalence region, S.De�nition 3.5 (Preimage) The preimage PS of an equivalence region, S is the set of allcon�gurations (�; �; �) which converge to some con�guration (�s; �; �) such that (�s; �; �) 2 S.In other words, PS is a region of state space which is trapped in a potential energy well.The bottom of the energy well is the surface S. For a cone formed by palms of in�nite length,30
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Figure 3.6: Equivalence region shadow for con�gurations of previous �gure. The labeled pointsshow the locations of the corresponding con�gurations in the previous �gure.the preimages cover the region of state space� 2 [0; 2�);� 2 (0; �]; (3.4)�(�) 2 [�(� � �)2 ; (� � �)2 ];For cone con�gurations (�; �) outside the region above, the mouth of the cone dips belowthe horizontal, so the object would spill out of the cone. Of course, once the �nite length of thepalms is taken into account, the preimages will no longer cover this region.The boundaries of an equivalence region correspond to the edge of stability of a particularcontact class, S0: there will be some directions of movement of the cone which will take thesystem state out of S0, causing the edge contact of interest to be lost. If that particular boundaryregion of S0 lies in the preimage of another equivalence class, S1, then the object will fall into thestable contact corresponding to equivalence region S1. In other words, an object's orientationcan be brought from S0 to S1 by bringing the object to the appropriate boundary of S0 andmoving the cone in such a way that the cone state moves out of the shadow of S0, and into theshadow of S1. This transition is reliable even though the manipulator does not maintain stablesupport of the object during the transition from S0 to S1, as long as the object's kinetic energyis low compared to its depth in the potential energy well.3.3 Planning in the Frictionless DomainWe present here some theorems which will be relevant to planning reorientations. The proofsof these theorems will be presented in Chapter 7, and we have numbered them here as they arenumbered in that chapter. 31



Let S be an equivalence region corresponding to a stable edge, and p; q be points in S.Theorem 1 S and its projection into the (�; �) plane are simply connected.By a connected region we mean a region X such that if x1 2 X and x2 2 X, there is a curvesegment whose endpoints are x1 and x2, and which is completely contained in X. By a simplyconnected region, we mean a connected region X without holes. For the rest of this section wewill refer to both the equivalence region S and its projection into the (�; �) plane interchangeablyas S, since (as discussed in Chapter 7) the two are homeomorphic, or topologically equivalent.Theorem 5 If p = (px; py); q = (qx; qy) 2 S, and px = qx = �, then the line segment p q iscompletely contained in S.In other words, if p; q are both in S, and both correspond to points with the same coneopening �, then the pure tilt motion between them preserves the stable con�guration of thepart.In addition to pure tilts (� constant, � varying) and pure squeezes (� constant, � varying),there is another type of simple movement of the palms related to pure squeezes: a �xed-�squeeze. In a �xed-� squeeze, the palm making edge contact with the object stays �xed, andthe other palm opens and closes, resulting in the cone con�guration changing, but the objectorientation relative to the world frame remaining �xed as long as the state is stable. In theparameter space, this corresponds to @�@� = "12 , where " = �1 for the left palm held �xed, 1 forthe right palm held �xed. A �xed-� squeeze between two points in an equivalence region (onewhich corresponds to a stable edge) will be completely contained in that equivalence region, ifat both endpoints of the squeeze, the vertex contacts are the same: not only is the same restingedge on the same palm (which is the de�nition of an equivalence region), but the other palm ismaking contact with the same vertex at both endpoints of the squeeze.Theorem 6 If p; q 2 S, p and q are vertex-equivalent, and p q has slope @�@� = "12 , then p qis completely contained in S.So, for any start point and any subgoal point in an equivalence region corresponding to astable edge e resting on palm k (where k is left or right), one of the following is true:� There is a pure tilt connecting the two points, or there is a �xed-� squeeze connecting thetwo points. Then there is a single operation that will bring you from the start state tothe subgoal state.� De�ne the baseline of an equivalence region to be the curve in the equivalence regioncorresponding to palm k being horizontal. If there is not a pure tilt or �xed-� squeezeconnecting the two points, then draw the pure tilt line from the start state to the baseline,and the pure tilt line from the goal state to the baseline. These are both guaranteed to becontained in the shadow of the equivalence region by Theorem 5. There will be some line(a �xed-� line) contained in S which is parallel to the baseline and which passes throughthese two pure tilt lines. (At the very least, the baseline will satisfy this requirement).See Figure 3.7. Therefore, the subgoal can be achieved from the start state in at mosttwo tilts and one �xed-� squeeze.For an unstable edge, equivalence regions as we have de�ned them may no longer be con-nected. However, in each component of the equivalence region, the above results about pure32
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Figure 3.7: Trajectory decompositiontilts and �xed-� squeezes still hold.The results are summarized below.Theorem 8 Given any two points in an equivalence region S corresponding to a stable edgeof a polygon P, there exists a path entirely contained in S. which can be decomposed into atmost two tilts and one �xed-� squeeze.If the equivalence region does not correspond to a stable edge, but the two points are inthe same component of the equivalence region, there still exists a path between the two pointscomposed only of pure tilts and �xed-� squeezes which is entirely contained in that component.Therefore, if there exists a path from an arbitrary start state to an arbitrary end state,where the transitions between equivalence regions are given by pure tilt motions, the entire pathbetween the start state and the goal state can be decomposed naturally into pure tilts and �xed-�squeezes.Intuitively, pure tilts roughly correspond to pure rotations of the objects, and �xed-�squeezes roughly correspond to pure radial translation. Just as pure rotations and pure ra-dial translation span the plane when using polar coordinates, pure tilts and pure rotations spanthe motion space of the object in the palms.In addition to moving around within a stable equivalence region, we also would like to knowwhat motion will take us to a new equivalence region. Suppose that we orient the edges of thepolygon so that edge ei2 is a ray whose origin is vertex vi, and the vertices (and edges) areordered counterclockwise with respect to the center of gravity.Lemma 9 For a cone with in�nite length palms, suppose polygon P is resting stably on edgee0 on the left palm. Let the right palm make contact with vertex vk. Let the vector from thecenter of gravity of P to vertex vk be vk, and �?k be the cone opening such that the right palm2In the subscripts for the edges or vertices of N -gons, i� k is shorthand for (i� k)modulo N .33



is perpendicular to vk. Then:� For all cone openings such that �?k+1 < � < �?k, P will rotate to edge ek on theright palm, upon executing a pure clockwise tilt. If ek is stable, the part will stay in thatcon�guration.� For all cone openings such that �?k < � < �?k�1, P will rotate to edge ek�1 on the rightpalm, upon executing a pure clockwise tilt. If the ek�1 is stable, the part will stay in thatcon�guration.In Chapter 7, it will also be shown that the arcs from one equivalence region to another arebidirectional.In order to determine which orientations of a particular part can be brought to which otherorientations:1. First, determine all the equivalence regions, (two for every 
at face of the convex hull ofthe object) and their preimages.2. Determine the boundary of each equivalence region, and divide each boundary into seg-ments, according to which preimage of another equivalence class that segment is containedin. If we use pure tilt motions to transit out of an equivalence region into the preimageof another equivalence region, then Lemma 9 shows that these boundary segments can bedescribed by intervals of cone openings, �. For example, suppose we start in an equiva-lence region, S0, and divide the boundary into cone opening intervals Ii as described inLemma 9. Then picking any cone opening � in a particular interval Ii and tilting in theappropriate direction will cause a transition to the same new equivalence region, Si.3. Construct the graph G whose nodes are the equivalence regions, with arcs denoting whichequivalence regions transit into another. Each arc is labeled with the appropriate set ofcone con�gurations (for the example above, the arcs would be labeled by the appropriate�-interval), and the direction in cone con�guration space in which the cone must be moved.Figure 3.8 shows G for our example object. The arcs in G were determined by using onlypure tilts at the equivalence region boundaries to transit from region to region. Di�erentcontact formations in each equivalence region are shown with an arc into the contactformation of another region which it transits to.The graph G in Figure 3.8 was generated assuming that all con�gurations (�; �) are achiev-able. In reality, not all cone tilts and orientations will be achievable, because the �nite lengthof the palms will prevent the object from being held in some cone con�gurations, and becauseof other physical limitations of the device. One possible limitation is the ability or inability toslide the part from one palm to the other without changing the part's orientation relative tothe palm on which it rests; we will refer to such a motion as a sliding transfer. Sliding transfersmay not be possible on a speci�c device because of the space between the palms, or because ofan obstruction (such as the joint) at the vertex of the cone formed by the palms. As shown inSection 3.4, such physical limitations can cause certain arcs of G to be completely eliminated.The planning problem has now been segmented into two parts. Given the initial and desired�nal con�gurations of the system, the high level problem is how to get from the initial to the�nal equivalence region. This can be determined by straightforward graph search on G. If a34
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Figure 3.9: Example reorientation: from � = ��=2 on left palm to � = 0 on left palmpath through the graph exists, the reorientation is in principle possible, and the path determinesa series of sets of equivalence regions which the cone trajectory must go through.Once it has been established that a high level path exists, the lower level trajectory planningproblem for each equivalence region (node) is to determine the trajectory which the cone mustfollow to reorient the part. The motions to transit from one equivalence region to anotherare given by the arcs of G. To determine trajectories through equivalent regions, we can takeadvantage of the fact that equivalence regions are piecewise straight-line connected, as describedin Theorem 8. Figure 3.9 shows an example reorientation for our example object.Su�cient conditions for the existence of plans are summarized below. Again, the proofs willbe presented in Chapter 7.De�nition 3.6 (Orientable) We will call a polygon orientable if it can be brought from anyequivalence region associated with a stable edge, to any other equivalence region associated witha stable edge.The relative angle �ij between two edges ei and ej is the counterclockwise angle formedbetween ei and ej . 36



Theorem 12 Let P be a convex polygon with N all stable edges, G the correspondingtransition graph. In order for P to be orientable, it is su�cient that either:1. Sliding transfers be possible, or2. For every edge ei of P , there be at least two edges ej ; ek such that �ij ; �ik � �.If either of the above two cases is true, then the length of any reorientation plan is bounded byN . This plan can be found in O(N2) operations.A triangle with all stable edges is an example of a part which satis�es the predicates ofTheorem 12, but not Condition 2. Note, however, that Theorem 12 gives su�cient, but notnecessary conditions. Hence it may be possible that a part with all stable edges which isorientable, even if neither Condition 1 nor 2 are true.Theorem 14 If sliding transfers are possible, any polygon P is orientable. The path lengthfrom any initial state to any goal state is bounded by 2M , where M is the number of stableedges. It can be found in O(M2) operations.The following is a paraphrase of Theorem 15.Theorem If sliding transfers are not possible, in order for P to be orientable it is su�cientthat every stable edge e�i , when resting on the left palm, can reach two other stable edges e�i+1and e�i+2 on the right palm by a clockwise tilt. If P has M stable edges, the path from anyinitial state to any goal is bounded by 2M and can be found in at most O(M2) operations.An analogous result naturally holds in the counterclockwise case, that is, going from theright palm to the left palm, as well. The di�erence between Theorem 15 and Theorem 12 isthat now P need not have all stable edges, and in Theorem 15, it is not the case that both thetransitions from a given edge are bidirectional.3.4 Experimental ResultsThe preceding algorithm was implemented in C on a Dec-station 5000/20. For the exampleobject, the transition graph G (Figure 3.8) can be generated in about one minute. Once G isgenerated, reorientation plans can be found in one or two seconds. Plans were generated to bringthe object from the initial stable orientation on a 
at palm, to the goal stable orientation onthe goal palm, much as in Figure 3.9. The plans were tested both in simulation and on a plasticcone manipulator (Figure 3.10), mounted on a tilted air table to reduce support friction. Notethat for the transition graph Figure 3.8, which was generated assuming an ideal manipulator,every equivalence region can be reached from every other equivalence region. To generate planswhich could be executed by the manipulator, motions corresponding to the object sliding fromone palm to the other over the central hinge point, and con�gurations where � < 0:5 weredisallowed, and G regenerated. This resulted in certain arcs being completely eliminated fromthe graph, and they are shown as dashed arrows in Figure 3.8.The planner can also be generalized to return a path from a given initial state to a generalizedgoal state, for example \resting 
at on side a, either palm". This can be done by adding nodesto G representing this general state, and reachable only from the nodes \side a, left palm"and \side a, right palm". Naturally, if the original graph is already strongly connected, any37



Figure 3.10: Plastic cone manipulator used to test plansgeneralized state is reachable from any initial state, where the initial state speci�es both theresting side and resting palm.For the example object, the plans simulated tended to either be \robust" to friction betweenthe part and the palms as high as about � = 0:25, or be extremely sensitive to the frictionlessapproximation, failing for friction higher than � = 0:02. Simulation of the plan shown in Figure3.9 showed that a static coe�cient of friction � � 0:25 would permit enough of the contactsto slide for the predictions from the frictionless approximation to be valid, and for the plan tosucceed.In the experiments conducted on the air table, the static coe�cient of friction was approxi-mately 0.19, low enough for the \robust" plans to succeed. The palms were actuated by servomotors, run open loop, and only a minimum of e�ort was spent on calibration. The motorbehavior was assumed to be linear. The motor encoder signals were read with the palm at twopositions | for the right palm motor the encoder was read with the palm at 0 degrees and90 degrees; for the left palm motor the encoder was read with the palm at 90 degrees and 180degrees | and these readings were used to �t a line between palm orientation and encodervalues for each motor.To evaluate the reliability of the example plan, we ran 50 trials, starting the object inits initial orientation, � = ��=2, at di�erent arbitrary locations on the left palm. The varyinginitial con�guration of the part led to variation of the part's trajectory through its con�gurationspace, as expected. Nonetheless, of the 50 attempts, the manipulator failed to correctly reorientthe object only 4 times. Despite the variation in the object's trajectory, the object alwaysstayed trapped in the correct region of the state space and hence would be propelled along tothe correct �nal orientation. Each of the failures seemed to be due to a single rough spot onthe right palm, which caused a contact to roll rather than slide.Figure 3.11 shows a plan for our example part which tended to fail due to frictional in-stability. During the transition from the state (� = 3:92699; � = 2:67254; � = �0:234525) tothe state (��=2; 2:67254; 0:234525), the part would fall o� its resting edge to another edge, as38



φ = 2.67254,
β = −0.234525
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β = 0.234525

Goal State:    = -  /2, 
left palm

θ π

Initial State:   = 3.92699, right palmθ

error
occurred

Behavior expected under
frictionless assumption

Behavior observed
 on manipulatorFigure 3.11: A plan which tended to fail.shown in the right column of the �gure, even though the frictionless analysis showed that thepure tilt should have been entirely stable until the part was transferred to the left palm. Figure3.12 shows another plan which was consistently successful for the same part.Figures 3.13, 3.14, and 3.15 show successful plans for another part (Part 2), which wasbasically a triangle with its tips cut o�. This part had three stable edges and two unstableedges. The plans for this part tended to be quite stable with respect to friction, and failuremodes tended to be caused by the narrow portions of the part getting caught in the gap betweenthe palms. The plan shown in Figure 3.14 is one such example. The plan shown in Figure3.15 sometimes failed due to jamming: when the palms attempted to execute the squeeze to� = 0:675, sometimes the part would become jammed in the palms, and the palms would notbe able to squeeze all the way down to the desired �. When this occurred, often upon executingthe next step in the plan (a pure tilt), the part would transit to the orientation � = 0 on the leftpalm, rather than the desired � = 2:05. This problem was intermittent, and when the palmswere recalibrated, actually went away.Although one of the plans for Part 2 had jamming problems, the plans for Part 2 did notsu�er from the frictional instability which some of the plans for Part 1 did. This is because for39
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Figure 3.14: This plan would fail because the part would get caught in the gap between thepalms.
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Run Left Palm Right Palm Success Ratioat 90� at 180� RMS error at 0� at 90� RMS errorNominal 1450 2250 - 1025 1825 - 13/151 1450 2225 1.44� 1025 1800 2.71� 14/152 1400 2225 5.43� 1025 1775 5.43� 15/163 1375 2250 8.14� 1025 1750 8.14� 13/164 1375 2225 7.98� 1000 1750 7.98� 9/165 1350 2250 10.66� 1050 1725 11.23� 13/166 1450 2250 0.00� 1025 1700 13.92� 15/157 1325 2175 13.4� 1025 1825 0.00� 4/158 1550 2250 10.85� 1025 1925 10.85� 15/15Table 3.1: Trials of the plan in Figure 3.12 at di�erent manipulator calibrationsall the stable edges, Part 2 is \long and low": that is, with the center of gravity as the origin,the tangential distances to the vertices of a given edge are long compared to the perpendiculardistance to the edge itself. This is less true for Part 1; in particular, it is not true for the edgeslabelled \c" and \d" in Figure 3.2. A quanti�able de�nition of \long and low" is dependent onthe coe�cient of friction of the palms, and a analytical condition for frictional instability willbe given in Chapter 4.3.4.1 Robustness to CalibrationA useful but unexpected side e�ect of Lemma 9 is that orientation plans display robustnessto small miscalibrations of the manipulator. To test this, we took the plan shown in Figure3.12 and ran it with di�erent palm calibrations. The results are summarized in Table 3.1. Themotors are assumed to be linear, so each calibration is a line describing the mapping between themotor encoder signal and the palm orientation. The calibration for the left palm was made withthe palm at 90� and 180� degrees, and for the right palm at 0� and 90� degrees. The encodersignals at these positions for each test calibration are given in the Table 3.1, for comparison ofthe calibrations. The RMS error of a palm calibration C with respect to a reference calibrationis the square root of the mean squared distance, in degrees, between corresponding points on thetwo lines, taken over the same interval of encoder signals. The errors are taken with respect toa nominal calibration, which is shown in line 1 of Table 3.1. Roughly, RMS error is the averagemagnitude of the discrepancy in degrees between the commanded position of the palm and theactual position of the palm. The right palm orientation was assumed to vary between 0 and150 degrees, and the left palm orientation was assumed to vary between 30 and 180 degrees.The success ratio is the number of successful reorientations over the the number of total trials.The manipulator trajectory for the reorientation plan we used in these trials is generated byinterpolating between the control positions shown in Figure 3.12. The interpolations are eitherpure tilts or �xed-� squeezes, depending upon whether the quantity � or @�=@� is preservedbetween two given points (in other words, whether the line in (�; �) connecting the two points isof the form � = constant or "�2�� = constant. In Table 3.2 we give the maximum deviation fromthe nominal for the trial trajectory, taken over the control positions. The maximum deviationis the di�erence in degrees �test��nom that would result from the motor commands for the testand nominal calibrations. Note that in Tables 3.1 and 3.2 we have taken the di�erence, not from44



Run Maximum � Error (degrees) Nominal Position (�; �) in radiansNominal - -1 2.7948 ( 0.5664 , -1.0878)2 -8.4011 ( 0.5664 , -1.0878)3 -16.7844 ( 0.5664 , -1.0878)4 -11.1896 (0.5664, -1.0878)5 -19.6084 (0.5664, -1.0878)6 0.3702 (0.5664, 1.2712)7 -19.6521 (0.5664, -1.0878)8 22.3793 (0.5664, -1.0878)Table 3.2: Maximum deviation from nominal calibration for the trajectory in Figure 3.12 atdi�erent manipulator calibrationsthe absolutely \correct" calibration, but from a nominal calibration that we have determinedto be approximately correct. The nominal position (over the control positions) for which themaximum error is achieved is given as (�; �) in radians, for compatibility with Figure 3.12.The sign and positions of maximum error are consistent with the fact that many of thefailures observed were due to the palms squeezing to such a small angle that the part was forcedo� the palms. Note that Run 8, where the maximum error is large but positive, performed quitewell. Other failures were due to centrifugal force causing the part to slide o� the palms; thiswas not observed in the trials of the nominal calibration. This mode of failure is probably alsodue to the palms' relative angles being too small, forcing the part further out away from thecone vertex and increasing the centrifugal e�ects. Few of the errors observed (mostly in Run 7)were actually due to the part landing on the wrong side after a tilt.
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Chapter 4FrictionIn other words, if the model does not succeed in transforming reality, reality must succeedin transforming the model. Italo CalvinoThe model of models [27]Empirically, some edges which are considered stable in the frictionless analysis may beunstable in practice, in the sense that the object may not stay on that edge even when the palmsmake motions which stay within the corresponding equivalence class. This may be because theobject has su�cient energy to escape its energy well, or it may be because friction causes arolling contact where sliding was expected. In this chapter, we will evaluate the stability ofedges with respect to their tendency to roll rather than slide.De�nition 4.1 (Frictional Instability) Suppose we have a stable edge es, and its associatedequivalence region, S, when resting on palm k. We will say es is frictionally unstable on palmk if there are trajectories through (�; �; �) space which are contained in S, but which fail inpractice because of frictional e�ects: contacts roll which are expected to slide.After identifying frictionally unstable edges, the planner can be augmented with this infor-mation, in order to take frictional e�ects into account.There is a fundamental tradeo� between the completeness of a given model of the worldand its complexity. Because in this work we are interested in designing a planner which is fastand relatively simple to use, in terms of the number and type of its input parameters, we mustchoose computational simplicity over completeness. The extent to which we consider friction inour world model is far from complete. We consider only two point contact (that is, contact withthe resting palm, ignoring the other palm) when looking for rolling contact points, and so willbe unable to detect jamming or wedging. We attempt to justify this on two grounds. The �rst,as we have mentioned, is computational speed. From an o�ine computation point of view, wewill only consider the part's resting edge and the resting palm (the two pieces of informationwhich de�ne an equivalence class), rather than consider all possible contact con�gurations,which gives us 2N cases to consider, rather than O(N2). From an online computation pointof view, we do not wish the overhead of sensors, so we must forgo exact knowledge of state;in particular, whether we are actually in two or three point contact. One can argue that thistype of sensory information is binary in nature, and low overhead | a valid argument | butby not having it, we can also dispense with those model parameters which would be required47



to carry this information around. A lower parameter model of the world is more tractable, andnaturally faster to compute. In our case, the frictional model is linear in the number of stableedges, rather than polynomial. We must distinguish between two and three point contact if thedi�erence in these states crucially a�ects a decision which the planner must make. If in fact thedecision can be made independently of this information, and still be a correct decision, then theinformation is not necessary to the planner.The second point is that this manipulator technique fundamentally relies on low frictionalcontact in order to reliably reach potential energy minima without jamming. The potentialenergy based method of �nding stable states is both easy to compute and robust. A minimalenergy state in a frictionless world is still a minimal energy state in the presence of friction. Anobject which is stably supported in the absence of friction will still be stably supported in itspresence. A grasp or stable support which is predicted using a particular coe�cient of friction,on the other hand, may not be stable if the actual coe�cient of friction di�ers from that ofthe model. Hence, it can be brittle in the face of model uncertainty. Furthermore, because thelocation of minimal energy states varies smoothly (linearly) with the palm positions (as long aswe remain inside a single equivalence region), the frictionless approach is also robust to smallerrors in palm calibration. A friction based system may not be. We will return to these pointsin Chapter 5, when we will compare our system to another sensorless two palm system [33],which uses frictional grasps. For now, we will present the frictional contact model which weincorporated into our planner.4.1 Analysis techniques for planar systemsA planar system has a three dimensional con�guration space: two dimensions for location in theplane, and one for rotation. Similarly, it has a three dimensional force space: two componentsfor translational force, and one for moment about the origin. In order to keep the dimensionalunits of the con�guration space consistent, the orientation axis is given in units of orientation (inradians) times the radius of gyration of the object in question. Similarly, the torque componentof the corresponding force space is given in units of (force times moment arm) divided by theradius of gyration. In both cases, this normalization ensures that all three axes of the space aregiven in the same units: length, for con�guration space, and force for force space. Therefore,the radius of gyration of the object of interest is a natural unit of length for performing forceanalysis. Since torques and rotations will generally be given with respect to the center of gravity(CG) of the object, the CG is the natural origin for our coordinate frame. In all the analysisgiven in this section, we will therefore use a coordinate system with the center of gravity of theobject of interest as the origin, and the object's radius of gyration as the unit of length.Suppose we are given a diagram such as those in Figures 4.1 and 4.2, and then asked thequestion, \What happens to this system when a particular force is applied?" In the quasistaticfrictionless situation, there is a one-to-one mapping between forces and motion, so the questionis easily answered. If there is friction, however, this mapping is no longer one-to-one, andthe question becomes somewhat complicated. We would like to come up with a method foranswering this question, at least in the qualitative sense. In Chapter 2, we reviewed sometechniques for planar frictional quasistatic analysis, based on those presented in [51], [76], [24],and [32]. We will now apply those techniques to the problem at hand.48
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t rFigure 4.1: Friction cones at contact vertices4.1.1 Friction ConesWe will consider a edge resting in two-point contact on a single palm. (See Figure 4.1). If thecoe�cient of friction between the object and the palm is �, then the frictional force at eachcontact can be described by the friction cone at the contact vertex whose cone edges aren � �tWhere n is the outward unit normal to the palm, and t is the unit tangent to the palm. For apoint mass, it is easy to see that the tilt angle of the palm for which the point mass will beginto slide is given by j�j = arctan�.4.1.2 Convex conesNow consider a body with extent. The contact forces on the body can be adequately represented,under the rigid body assumption, by only considering point contact forces; for edge-edge contactone need only consider the endpoints of the contact, as shown in Figure 4.1. The friction conescan be extended to three dimensional con�guration space by representing each edge of eachfriction cone as a ray in three dimensional cspacef = 264 uxuyr �2D u 375 ;where u is a unit vector in the direction of the friction cone edge, and r is the location of thecontact point (the vertex of the friction cone) with respect to the CG, and �2D represents thetwo dimensional cross producti: rxuy � ryux. In con�guration space, all forces that can beexerted by the frictional contacts must be a nonnegative combination of these rays; in otherwords, they must be contained in the convex cone (the con�guration space friction cone) formed49



by the rays. If we can represent all forces and accelerations of the object in con�guration space,then the dynamic equations become questions of cone containment. To illustrate the point, letx represent the position of the object in con�guration space, FA be the net external appliedforce and torque on the object, Fcontact be the force applied to the part by the manipulator,and let CF be the con�guration space friction cone. Then the dynamic equation describing thesystem is m�x = FA + Fcontact:We can restate this equation as m�x� FA is contained in CF :In the problems we will be solving, we will generally know CF and FA and will be hy-pothesizing object accelerations (actually, we will be hypothesizing object velocities, but underthe quasistatic assumption, velocities and accelerations will be in the same direction. See thediscussion in Section 2.3 of Chapter 2). We can use the kinematic analysis due to Reuleauxwhich is described in Chapter 2 to �nd all feasible centers of rotation for the object motion.By converting the centers of rotation into cspace acceleration vectors, we can state the problemthus: Determine whether m�x is contained in CF � FA; (4.1)where the left hand side of the relation can be derived from a postulated center of rotation.and � denotes the operation of cone combination. In fact, we do not consider all the vectorswhich make up the cone CF , since for a postulated center of rotation, we can also determine themotion of all contact points, and hence which edges of the friction cone are active.4.2 When does it slide and when does it roll?Returning to Figure 4.1, we wish to determine the behavior of the object on the palm under thein
uence of gravity. For what orientations of the palm will the object remain stationary? Fororientations of the palm steeper than that, will the object slide down the palm, or roll abouta vertex? We can use the formulation from the previous section to determine the stability ofan equivalence class with respect to the contact friction. That is, for each equivalence class, wecan �nd an upper bound on the coe�cient of friction such that for values of friction lower thanthis bound, if the part is in this equivalence class, it will behave as if its contacts with the palmwhich de�nes the equivalence class were frictionless: the contacts will slide, not roll.Suppose we are tilting the palm clockwise (so that the tilt angle of the palm, �, is negative).Then the critical contact is the right vertex of the resting edge. Let h be the height of thecenter of gravity, and wr be the tangential distance from the center of gravity to the rightvertex. Consider the case shown in Figure 4.1, where the friction cone at the right contact doesnot contain the center of gravity. It is easily shown, using the technique described above, thatif the magnitude of the palm's tilt angle is less than arctan�, the object will stick, as expected.For steeper tilt angles, the object will slide without rolling. Informally, the object will not rotatebecause the contact force at the right vertex always points to the right of the center of gravity,exerting a counterclockwise moment about the center of gravity, which will be compensated forby the contact force at the left vertex. 50
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Side �crit � = 0:2 � = 0:9a 0.79 slide rollb 1.27 slide slidec 0.15 roll rolld 1.0 slide slidee 0.73 slide rollTable 4.1: Sliding trials for \House" on right palmSide �crit left palm right palmleft palm right palm � = 0:2 � = 0:9 � = 0:2 � = 0:9a 0.55 0.88 slide roll slide rollb 2.7 1.8 slide slide slide slided 1.75 2.17 slide slide slide slideTable 4.2: Sliding trials for \Pseudotriangle"rolling behavior of each side of each part with the calculated values of �crit for both the leftand right palms. The results are summarized in Tables 4.1, 4.2, and 4.3. Since Object 1 issymmetric about the y axis, and Object 3 is symmetric about the x and y axes, we have onlyrecorded the outcome to within symmetries.Each table shows �crit for each side, and the behavior of the part (rolling or sliding), whenplaced on the appropriate palm on that side. The palm was pre-positioned to an angle wheresticking was no longer feasible. The outcomes observed were all consistent with the predictionsmade by the �crit calculation.

Side �crit � = 0:2 � = 0:9a 1.5 slide slideb 0.67 slide rollTable 4.3: Sliding trials for \Rectangle" on right palm55
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Chapter 5Uncertainty: Planning from anUnknown Initial StateIn all �ctional works, each time a man is confronted with several alternatives, he choosesone and eliminates the others; in the �ction of Ts'ui Pên, he chooses|simultaneously|allof them. He creates in this way, diverse futures, diverse times which themselves proliferateand fork....In the work of Ts'ui Pên, all possible outcomes occur; each one is the point ofdeparture for other forkings. Sometimes, the paths of this labyrinth converge... Jorge Luis BorgesThe Garden of Forking Paths [16]Chapter 3 described a method for planning reorientations from arbitrary but known initialcon�guration, to a desired goal con�guration. In many applications, such as parts feeding, theinitial state of the object may not be known. If a reorientation plan can be found to reliablybring the object from any initial state to a single known �nal state, then the method from theprevious section can be applied to bring the object from that known state to any desired goalstate. In this chapter we will focus on the problem of determining a palm trajectory which willalways bring the part to a single �nal state.5.1 Frictionless, low energy caseUnder the assumptions about the system used in Chapter 3 (all contacts slide, kinetic energyis low), the transition from initial equivalence region to �nal equivalence region is unique fora given cone opening �. If there are 2N equivalence regions, then we can in principle buildthe 22N elements of the power set of the equivalence regions: that is, the set of all possiblecombinations of the equivalence regions. For instance, if we have a set of equivalence regionsfA, B, C, Dg, then the power set of this set of equivalence regions would be f fAg, fBg, fCg,fDg, fA, Bg, fA, Cg, fA, Dg, ... fA, B, C, Dgg. Given some set of palm motions, we canbuild a larger transition graph, GG where each node is an element of the power set, and each arccorresponds to a palm motion. Each arc then connects a set of initial states to its correspondingset of �nal states. For instance, suppose for a given palm motion, if the object was initially instate A, the motion will transfer the system state to C. If the object started in state B, thesame palm motion will transfer the system to state D. Then the graph GG would include anode corresponding to the set fAg with an arc to a node corresponding to the setfCg, a node57



correspondong to the set fBg with an arc to a node corresponding to the set fDg, and a nodecorresponding to the set fA, Bg with an arc to a node corresponding to the set fC, Dg. All thearcs in this example correspond to the same palm motions. We can then do breadth-�rst searchover GG, starting from the set of all possible initial states, in the hope of �nding a sequence ofarcs that will take the system to a node where only one state is possible. We will call such asequence of arcs a homing sequence.De�nition 5.1 (Homing Sequence) A homing sequence is a sequence of manipulator mo-tions such that no matter what the initial state of the part is, the �nal state of the part is alwaysthe same.If we wish to �nd a homing sequence which homes to a particular �nal state, we can do abreadth-�rst backchaining search from our desired �nal state, hoping to �nd a path backwardsto the set of all possible initial states.In practice, since an arc will generally correspond to bringing an object from resting onone palm to resting on the other palm, we do not have to consider all 22N elements of thepower set. We will generally have to consider the set of all initial states, all combinations ofequivalence regions corresponding to resting on the left palm, and all combinations of equivalenceregions corresponding to resting on the right palm (excluding the empty set), for a total of2(2N � 1) + 1 = 2(N+1) � 1 sets of combinations of states.Figure 5.1 shows a homing sequence found for our example object. For each cone openingconsidered, there were two possible motions: One type of motion considered was to start withthe left palm horizontal and the palms �xed with cone opening �, and tilt both palms clockwise,keeping � �xed, until the right palm is horizontal. The other type of motion was to start withthe right palm horizontal, and tilt clockwise until the left palm is horizontal. In Figure 5.1,each arc is labeled with the � used, and the direction of the tilt.In Chapter 7, we will address the questions of knowing whether or not a homing sequenceis possible for a given object, and of �nding a set of palm motions (or in our example, a set of�s) which is su�cient to produce a homing sequence.5.1.1 Experimental ResultsA planner to �nd homing sequences using the frictionless quasistatic assumption was written.The above plan was one of the sequences found for the example object. However, when the planwas tried on the airtable system, it failed regularly. The problem was the frictional instabilityof the circled state in the third stage of the plan shown in Figure 5.1. The object would oftenroll o� this edge, into another state not anticipated by the planner. Interestingly, the objectwas reliably brought to the same �nal state from all initial states, just not the state anticipatedby the planner. This suggests the possibility of learning the dynamics of the interaction of partswith the palms by observation, and constructing homing sequences from the learned transitiongraph. This approach was in fact used in [28] for another sensorless part orienting system.5.2 Extensions with FrictionIf the assumptions about the system in the previous section are violated, then the object can endup in a state not anticipated by the planner. In terms of the power set graph, this means thatan arc out of a particular node may not end up at a node that fully describes the possible states58
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Goal State (# successes)/(# trials)
26/3012/15
14/2515/15Table 5.1: Trials of homing sequences5.2.1 Experimental ResultsThe planner was extended to take frictional instability under consideration. Figure 5.3 shows ahoming sequence found for our example object, using the set of cone openings shown to buildthe arcs. The coe�cient of friction, �0, was taken to be about 0.2. The sequence was run withthe object started in all ten of the possible starting conditions, and was successfully broughtto the goal state from each initial state. Then the object was dropped into the palms, into anarbitrary initial state, and the sequence was executed. Out of 30 such trials, the object failedto reach the desired goal state 4 times.The planner attempted to �nd homing sequences to home the example object to all possible�nal states. However, it could only �nd sequences for four of the possible ten �nal states, eventhough only two of the edges of the object had a frictional instability for a coe�cient of frictionof 0.2. Each of these sequences was tested, as above. The results are summarized in Table 5.1.Although orientation plans for the other six resting states of the object were not found,those which were found were quite repeatable, as shown in Table 5.1.This version of the planner can also be used to �nd frictionally reliable paths from knowninitial states as well as from unknown ones. Instead of backchaining all the way back to theset of all states, the backchaining terminates upon reaching a node which contains the desiredinitial state.We also evaluated the plan shown in line 1 of Table 5.1 with respect to manipulator calibra-tion errors, using the same set of calibrations as in Section 3.4.1. The results are summarizedin Table 5.2.Table 5.3 gives the maximum � error and its position over the control positions of thetrajectory. The same comments apply here as in Chapter 3. Many errors were from tight62



Run Left Palm Right Palm Success Ratioat 90� at 180� RMS error at 0� at 90� RMS errorNominal 1450 2250 - 1025 1825 - 15/151 1450 2225 1.44� 1025 1800 2.71� 14/152 1400 2225 5.43� 1025 1775 5.43� 15/153 1375 2250 8.14� 1025 1750 8.14� 6/154 1375 2225 7.98� 1000 1750 7.98� 9/165 1350 2200 10.66� 1050 1725 11.23� 7/156 1450 2250 0.00� 1025 1700 13.92� 12/157 1325 2175 13.4� 1025 1875 0.00� 5/158 1550 2250 10.85� 1025 1925 10.85� 8/15Table 5.2: Trials of a homing sequence at di�erent manipulator calibrationsRun Maximum � Error (degrees) Nominal Position (�; �) in radiansNominal - -1 2.7884 (0.7725, 1.1845)2 -8.4011 (0.7725 , -1.1845)3 -16.8026 (0.7725, -1.1845)4 -11.2017 (0.7725, -1.1845)5 -19.6392 (0.7725, -1.1845)6 0.3702 (0.7725 , 1.1845)7 -19.6392 (0.7725, 1.1845)8 22.4034 (0.7725, -1.1845)Table 5.3: Maximum deviation from nominal calibration for the plan in line 1 of Table 5.1 atdi�erent manipulator calibrationssqueezes and centrifugal force causing the part to fall from the palms. The failures due to thepart landing in an unpredicted state were seen mostly in Runs 5, 7 and 8. For Run 8, in fact,all the failures were due to unpredicted states.5.3 Is this Friction Model Adequate?As discussed in Chapter 4, the friction model which we use in our planner is far from complete.One notable disadvantage is that larger feasible coe�cients of friction translate directly intolarger model uncertainty. The drawback to using this model of frictional uncertainty is thatit can render certain parts unorientable. For instance, the planner cannot �nd any homingsequences for our example part if the friction parameter is higher than 0.73. This is the valueof �crit for which the side labelled a in Figure 5.2 becomes frictionally unstable on the rightpalm. Also, by taking only two-point contact into account, we cannot recognize situationswhere perhaps the third contact will prevent the part from rolling. More importantly, wecannot recognize jamming.In principle, orientation plans for more resting states can probably by found by setting atighter bound on the friction parameter used by the system (specifying an exact coe�cient offriction, or a minimum as well as a maximum bound). A tighter bound would eliminate some63



of the uncertainty in the outcome of certain motions in our model. However, assuming an exactvalue for the coe�cient of friction is a nontrivial assumption | Kao and Cutkosky note that\the coe�cient of friction can easily vary by 30% with changes in surface texture or cleanliness"[42] | which we believe will reduce the robustness of the resulting plans. As it is, the plannerwill produce fewer plans as the frictional upper bound increases, but the plans are guaranteed tobe frictionally robust up to that value of friction. Similarly, by only considering the two pointsof contact that are guaranteed to occur for a part in a given equivalence region, we do not haveto worry about the exact position of the part in the palms at any given moment. As we mentionin Chapter 4, we have chosen to use friction independent criteria to �nd stable regions. Thefriction model we have chosen to use is only detailed enough to identify certain places whereour frictionless planner model may break down, but no more.Let us compare our treatment of friction with the models used in other systems. The twopalm manipulation system described by Erdmann in [33] assumes an exact knowledge of thecoe�cient of friction. Starting with the part in a known pose, and known contact con�gurationwith the palms, Erdmann's system splits the orientation space of the palms into sectors, eachof which causes the same qualitative behavior of the part (slide, roll, etc.). Palm orientation istaken with respect to the part frame, with the center of gravity �xed at the origin. This planis then fed into a simulator to verify the predicted pose of the part in the palms, as well asthe palm coordinates in the world frame. From the simulations the trajectory of the palms isdetermined, assuming perfectly known position of the part at every step.A signi�cant cause of plan failure is the slipping of a contact which is expected to roll, eitherbecause the coe�cient of friction is not as the planner expected, or because of inaccuracies ofthe manipulators when executing a speci�ed motion. All transitions are executed in two-pointcontact. However as the author himself notes, in two-point frictional contact, \equilibriumcontact is possible if and only if one of...the sliding modes is possible"[33]. Hence, the relianceon two-point contact frictional stable support, rather than more robust three point contact �rst-order stable support, results in a general brittleness of the reorientation plans. Such brittlenesscan of course be o�set by the use of sensors to detect slipping, which brings up a host of othercomplexities which are happily avoided by the system presented in the present work.Paljug, et.al. ([66], [67]) present just such a system. Their emphasis is on force-closuregrasps which are not form-closure, and their speci�c example is two planar 3-degree-of-freedommanipulators using palms to grasp a large object in a gravitational �eld. They are also interestedin how these two robots can reposition the object in the palms without regrasping. The issuein these tasks is the trade-o� between grasp (squeezing) force, which should be minimized, andgrasp stability. Their method of determining stable grasps depends on the presence of friction(in that the contacts are expected not to slip), but is independent of the value of the coe�cientof friction.The arms are instrumented with tactile sensors on the palms to detect the contact point;one of the arms also has a force/torque sensor at its wrist. In order to maintain the stabilityof the grasp, they speci�cally disallow slipping: that is, they try to hold the object in sucha way that the contact normals are always in the interior of the friction cones. In order tomaintain the object in the aggregate friction cone without having to know the exact coe�cientof friction, the planner (or grasp controller) constrains the normal of the palm to be alignedwith the surface normal at the contact. This requires that the surface geometry be known, atleast in the neighborhood of the nominal contact points; also, the resulting nonlinear equationswhich must be solved by the planner are generally not solvable in closed form for geometries64



more complicated than spheres or cylinders. A more signi�cant problem is that, at least for theexperimental setup described in [67], orientation error and local surface normal are not directlysensed, but derived from other sensory measurements. The input needed for feedback is hencerather noisy. Their experimental work suggests that in order for plans to succeed, the coe�cientof friction must be large in order to tolerate large errors in palm orientation (with respect tothe contact normal). If the errors in palm orientation exceed the angle of the friction cone,the contacts will slip, and the grasp can be lost. Conversely, the actual initial conditions ofthe object in the plans must be close to the nominal initial conditions in order to keep palmorientation error at a minimum. Again, part of the problem was that the object used in theexperiment was a sphere; so manipulation was again performed using two-point rather thanthree point contact; the system would no doubt be more e�ective on polyhedral parts. Theexperiments with the sphere show that while sensors can get you out of some of the di�cultiesof frictional uncertainty, they are not a complete cure for the problem.In his dissertation, Lynch [54] uses a technique somewhat complementary to ours in dealingwith frictional uncertainty. Using a one-degree-of-freedom arm, he tries to �nd a manipulatortrajectory which brings a part from a known initial state to a goal state by executing a sequenceof dynamic and stable grasps, throws, rolls and catches. He implicitly models the contacts ashaving in�nite friction; rolls are modeled as rotation about a pin joint. The surface of the armis covered with a sti� foam to insure high friction contacts. The trajectory planning problemis formulated as a nonlinear constrained optimization problem over the space of manipulatoracceleration pro�les, with the initial and goal states of the part as input, and the coe�cientof friction as a parameter to be minimized. The no-slip constraint is explicit in the problemformulation. The result is an open-loop manipulator trajectory which executes the desiredreorientation and is maximally robust to friction, with respect to the no-slip assumption. Sincethe number of contacts is known at any state of the manipulation (two for a grasp, one for a roll,zero for a throw), Lynch was able to use the complete Coulomb model of friction in his planner.However, the planner had to directly simulate every trajectory which was evaluated during theoptimization procedure, so the process of �nding a reorientation plan was more computationallyintensive than that used in our system. In empirical trials, the majority of problems seemed tobe caused by the unmodeled compliance of the foam which lined the arm, and unmodeled motorfrequency response. This was especially true of throws, where a small error in the release statecan be exacerbated during the ballistic phase, leading to systematic errors in the �nal state.There did not seem to be serious errors due to slipping, although slipping did in fact sometimesoccur.From the examples of these three systems, in addition to our own system, one can see thatthere is a certain advantage to assuming an extreme situation with respect to the coe�cientof friction | either no friction, or in�nite friction. Of course, one must make sure that theenvironment is a reasonable approximation to whichever assumption one makes, and that thereorientation plans one uses are tolerant of minor violations of that assumption.Another drawback to our friction model is that we do not specify whether we are in twoor three point contact when we are looking at the (frictional) contacts. Because of this, wecannot identify con�gurations in a frictionally unstable equivalence region which would not rollto another state because the third contact prevents this. We also cannot identify con�gurationswhich could jam, due to friction. On the other hand, we do not know the exact contactcon�guration at all times; we do not know the exact palm trajectories until after we have foundthe plan (i.e., the path through the graph), and even when we know the palm trajectories, we65



do not know the exact position of the part in the palms at all times during the execution of theplan. The part could be in two point contact when we assume it to be in three point contact,or vice versa. Rather than determining the part's behavior exactly under these circumstances,it seems better to identify potential violations of the all sliding assumption, when we can. Wecan also attempt to avoid potential jamming situations by minimizing the contact friction asmuch as we can, and perhaps putting a lower bound on the relative angle between the palms.We close with another statement by Kao and Cutkosky:Errors in modeling contact conditions and friction limit surface are more seriousthan short term violations of quasistatic motion [namely, stick-slip, inertial andviscous e�ects, so long as those e�ects are small on average: \short in duration,zero-mean and uncorrelated over the duration of the trajectory"[43]]. Fortunately,the sensitivity of the direction of sliding motion is low except when... [the tangentialcontact force] fx � 0. [43]This is part of the conclusion of an exploration of the quantitative predictive power of thequasistatic model for dextrous manipulation (as the authors point out|and we have also pointedout, in Chapter 2|most quasistatic motion planning is primarily qualitative in its predictions).However, we believe that it is still a valid statement in our context, in that relying on an exactvalue for the coe�cient of friction may not lead to reliable plans, if the estimated value is notcorrect. To the extent that we use imprecise knowledge of the coe�cient of friction, or of thecontact conditions, we will be unable to �nd optimal plans; perhaps we will not be able to �nda plan at all. However, whatever plans we do �nd will be less likely to fail due to modellingerror.
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Chapter 6Dynamics and ImpactThere can be no space nor any part of space without gravitational potentials; for theseconfer upon space its metrical qualities, without which it cannot be imagined at all.Albert EinsteinEther and Relativity [31]When the velocities of the system are larger than the quasistatic bounds, forces and ve-locities are no longer in as close correspondence as has been assumed in the previous sections.Centripetal and coriolis e�ects may begin to be signi�cant. In addition, nonzero relative ve-locities generate impact forces as contacts are made. We would like conditions on the relativemotion of the hand and object such that the hand aquires the object. We would further like theposition of the object in the gripper to be known, that is, the part comes to rest in the palm ina predictable position, rather than tumbling to another position.In this chapter, we will look at some conservative approximations which can be used toestimate bounds on the manipulator velocity, in order to minimize dynamic e�ects. In additionto assuming knowledge of the CG and radius of gyration, we will use a rigid body impulsiveimpact model, as described by [80] and used by [93], [94], and [98], with the mass of the handbeing much greater than the mass of the object, so that the change in velocity due to collisiontakes place entirely in the motion of the object, and the motion of the hand is una�ected. Wewill also assume that at the moment of impact, the dominant force is the impact force.6.1 ImpactWe will show that taking into account the energy dissipation due to inelasticity of collisions canhelp us to bound the e�ects of impact forces on our system.The object is parameterized by (xt; xn; ��), where (xt; xn) are the coordinates of the centerof gravity of the object with respect to the reference frame aligned with the contacting palm(see Figure 6.1), � is the orientation of the object, and � is the radius of gyration of the object([32]). For simplicity, at contact, we can abstract away the dimensions of the actual object, andthink of the object as a rod, whose center of gravity is the same as the center of gravity of theobject, located at length l from the contact point. The angle from the contact normal to therod of length l in the counterclockwise direction will be called �.67
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Figure 6.1: System Geometry6.1.1 The Frictionless CaseWe �rst look at the simplest case, where the contact friction and the support friction are bothzero. In this case, the equation describing the change in velocity at impact in terms of thepreimpact velocity v� = [ _x�t ; _x�n ; � _��]T is�v = �(1 + e)(n̂Tv�)n̂ (6.1)(see Chapter 2), where e is the coe�cient of restitution andn̂ = �q�2 + l2 sin2 � 264 01l� sin � 375 : (6.2)Upon impact, the contact point will bounce away from the hand, but we would like theobject as a whole not to move away. One consideration is the energy constraints of the system.As a concrete example, let us look at what happens if we make a pure tilt transition from oneequivalence region to another. As we make that transition, there is a brief interval of timeduring which the object loses stable contact with the palm, and falls into another stable contactcon�guration under the in
uence of gravity. We will model the instant it attains the new stablecontact as an impulse. For the example in Figure (6.2), suppose that the cone has been rotatingcounterclockwise with an angular velocity !man, and up until the moment portrayed in (6.2a),the object has been tracking the movement of the cone. At the moment shown, the object isjust about to lose stability, and will tilt into the preimage of the position shown in (6.2b). (Thecone is at rest in (6.2b). It is possible that the object will continue to rotate beyond the desiredposition. In order for that to happen, it must have enough energy to escape the potential wellof the desired �nal resting position: in other words, E > mgp13, where m is the mass of theobject, g is the gravitational acceleration, and p13 is the distance from the CG to the impacting(in this case, right) vertex of the object. To gain a little leeway, we can take advantage of energy68
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Figure 6.2: Impact examplelost due to collisions. What we would like, then, is for enough energy to be lost after the �rstbounce1 for the object to be trapped in the correct energy valley.6.1.2 Energy loss from collision: one bounceAssuming no friction, we can look at the impact in con�guration space. The impact and reboundwill occur in a plane, and we can characterize the impact by the direction of the contact normaland its perpendicular in that plane. De�ne � to be the angle the velocity vector makes withthe cspace normal at impact, CCW (actually, the negative of the velocity vector, so we get thesmall angle). Let vn = n̂Tv�n̂ be the cspace normal velocity, and vn be its magnitude. Let vtbe the vector v� � vn, and vt be its magnitude. vt is perpendicular to vn, so we get� = arctan(vt;�v�n ): (6.3)vt will be una�ected by the impact, and vn+ = �evn�. If we \dimensionalize" by (vn)�(i.e. let it be of unit length) then vt� = tan�, sojjv�jj2 = 1 + tan2 �jjv+jj2 = e2 + tan2 �: (6.4)(See Figure 6.3.) Then jjv+jj2jjv�jj2 = e2 + tan2 �1 + tan2 �= sin2 �+ e2 cos2 �: (6.5)1In fact, the �rst impact will impart a counterclockwise impulse on the object, which will not cause it to gounstable. So we could actually look at the energy lost after the second impact, if we could predict what thatimpact would be. But it is easier, and more conservative, to simply look at the �rst impulse.69
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Figure 6.5: Graph of maximum !man as a function of e.the (frictionless) palms. Set a frame �xed to the palm, with the origin at the hinge point, andthe x axis along the palm. The y axis points normal to the palm, towards the point mass. Thepalm rotates with a constant velocity, !. At time t = 0, the palm is in orientation �0. Usingthe formulas for Lagrange's equations in a rotating frame [83], we can derive the equations ofthe point mass.6.2.1 Lagrange's equations in a rotating frameFor a system with N independent generalized coordinates and M constraints, Lagrange's equa-tions of motion are given by the N equations, each of the formddt @T@ _qk � @T@qk = Qk + MXj �jajk (6.12)where qk are the N generalized coordinates, T is the kinetic energy of the system, Qk are thegeneralized forces on the system, �j are the M (unknown) Lagrange multipliers, and ajk arethe coe�cients of the M constraint relationsNXi aji _qi = 0; for j = 1 to M: (6.13)If the system coordinates are in a frame which is rotating with respect to a �xed worldframe, there are an additional three degrees of freedom associated with the motion of therotating frame: (x0; y0; �). There are also an additional three equations of motion [83]:ddt @T@ _x0 � _� @T@ _y0 = XFxddt @T@ _y0 + _� @T@ _x0 = XFy (6.14)72



ddt @T@ _� + _x0 @T@ _y0 � _y0 @T@ _x0 = XMwhere (PFx; PFy; PM) are the total forces and moments acting on the origin of the rotatingaxis.For a point mass in the cone frame, there are two generalized coordinates, (qx; qy), takenwith respect to the cone's center of rotation, which are the position of the mass radially outon the palm and out along the normal to the palm, respectively (In other words, the palm isalways parallel to the qx axis). There is also one constraint,qy � 0: (6.15)The kinetic energy of the point mass (expressed in world coordinates) isT = 12m( _x2 + _y2): (6.16)The conversion from cone frame coordinates to world frame coordinates is given by xy ! =  cos(�0 + !t) � sin(�0 + !t)sin(�0 + !t) cos(�0 + !t) ! qxqy ! (6.17) _x_y ! =  cos(�0 + !t) � sin(�0 + !t)sin(�0 + !t) cos(�0 + !t) ! _qx_qy !+ ! � sin(�0 + !t) � cos(�0 + !t)cos(�0 + !t) � sin(�0 + !t) ! qxqy ! : (6.18)The generalized forces on the system are given byQ = �mg sin(�0 + !t)cos(�0 + !t) ! (6.19)F = 0 (6.20)Plugging Equations 6.17 and 6.18 into the expression for T , Equation 6.16, and di�eren-tiating that expression according to Equations 6.12 and 6.14, results in an expression for themotion of the point mass in the rotating cone frame:�qx = qx!2 + 2 _qy! � g sin(!t+ �0) (6.21)�qy = �2 _qx! + qy!2 � g cos(!t+ �0) + � (6.22)� represents the contact force exerted on the point mass by the palm. If contact breaks, � = 0.Otherwise, qy = _qy = �qy = 0Suppose, for example, the mass begins in a stationary state resting on one of the palms atlocation (qx; 0), as the palms begin to rotate. By Equation 6.21, there is a force qx!2 whichmoves the mass radially outward. If either qx or ! is high enough, the mass can slide completelyo� the palm, as shown in Figure 6.6a. If the object does not slide o� the palm, gravity can thenpull the object back radially inward towards the vertex. The object will then slide all the waydown, transforming its initial potential energy into kinetic energy. This can cause it to continuesliding when it contacts the other palm, sometimes sliding o� the palm, as shown in Figure 6.6b.More often, however, (in the case of objects with a rotational degree of freedom) the impactwith the other palm can transfer the kinetic energy from translational to rotational motion ofthe object, and the object may tumble and rotate in a way not predicted by the planner.73
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6.2.2 An Example with a Complete Transition MotionWe will extend the example from Section 6.1.2, again using the con�guration in Figure 6.2.This time we will analyze a complete but simpli�ed transition motion, starting with the objectat rest on the left palm. The palm then tilts with constant rotational velocity until the rightpalm is horizontal, stops, and waits for one second. The object then completes any furthermotion under only the in
uence of gravity. Because we are only looking for an estimation ofthe gross behavior of the part, we will treat the object as a point mass on the left palm duringits centrifugal motion, and ignore any 
ight phase due to the sudden deceleration of the palms(in other words, we assume that the object is always in contact with the palm).The cone opening is � = �=2 + arctan 2=3. This cone opening was chosen so that with theobject resting on the left palm as in Figure 6.2, and the right palm horizontal, the contact normalwith the right palm passes through the CG of the object. This will simplify the equations.Let the units of measurement for this example be centimeters, and the origin of the worldframe be the vertex of the cone. Imagine that we start with the object at rest on the horizontalleft palm, �ve centimeters from the vertex of the cone (qx = �5 cm; qy = 0). The coe�cient ofrestitution is e = 0:1. The gravitational acceleration is g = 98 cm/s2, or one-tenth of the usualgravitational acceleration. We do not want the object to 
y o� the edge of the left palm fromcentrifugal forces. We do want the object to transit to the con�guration shown in Figure 6.2(b),without tumbling away. We wish to know how fast we can rotate the palms and still meetthese two constraints. We will assume that the angular velocity of the palms, !, is constantthroughout the tilting motion.If we take the friction of the palm into account, with coe�cient of friction �, the equationfor the radial acceleration of a point mass (assuming qy = _qy = 0) is given by�qx = 8><>: 0; if ��� qx!2�g sin(!t)2 _qx!+g cos(!t) ��� < � and _qx = 0qx!2 � g sin(!t)� �� sgn _qx;� = 2 _qx! + g cos(!t) otherwise: (6.23)The term � comes from the force normal to the palm which the point mass experiences dueto gravity and Coriolis forces.We can integrate2 Equation 6.23, assuming that the point mass never breaks contact withthe palm. We will use a coe�cient of friction � = 0:2, and a coe�cient of restitution of 0.1,to estimate how much velocity is lost when the point mass hits the right palm. Using variousvalues of !, we �nd, for instance, that using a value of ! = �2 rad/sec, that the mass willcome to rest almost 6 centimeters out on the right palm (! is negative, because the rotation isclockwise). For ! = �1 rad/sec, the mass comes to rest about 5 centimeters out on the rightpalm, and for ! = �0:5 rad/sec, the mass comes to rest about 1 centimeter out on the rightpalm. See Figure 6.7.Returning to the problem of our example rectangle from Section 6.1.2, we shall assume thatour point mass analysis conservatively estimates the sliding behavior of the rectangle. For thean object with extent, some of the energy will go into rotational motion, as well as sliding.We still need to check that the object does not tumble away from the desired orientation,shown in Figure 6.2b. Let us take ! = �0:5 rad/sec. Suppose the rectangle as oriented in2All numerical integrations in this section were done using the second and third order Runge-Kutta routinein MATLAB (ODE23). 75
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 = 2:5. The energyremaining after impact (using a coe�cient of restitution e = 0:1) is given by:E+ = P + pK(
)K; (6.26)where pK(
) (see Equation (6.6)) gives the percent of kinetic energy remaining after impactas a function of impact angle and coe�cient of restitution. Plugging in all the numbers fromour example into Equation (6.26), we determine that E+ = 502m. The energy barrier which76



must be overcome to tumble to a new resting con�guration is Ebarrier = mgp20:3 = 442 m.Therefore, using a cone rotation velocity of -0.5 rad/sec, it is still possible that the the part cantumble away from the desired orientation shown in Figure 6.2b.These estimates are quite conservative, and when we try this rotation on the air table, we�nd that we can use a manipulator velocity of up to about 2 rad/sec in magnitude, and thereorientation succeeds. There are other reorientations which will not succeed with a manipulatorvelocity this high. In practice, we have found approximately 0.4 to 0.5 rad/sec to be a fairlysafe range of rotational velocity for most of the trajectories we have tested.
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Chapter 7Theoretical Results...out of the pictures which are all that we can really see, we imagine a world of solidthings...this world is constructed so as to ful�ll a certain code of rules, some called axioms,and some called de�nitions, and some called postulates, and some assumed in the course ofdemonstration.... William Kingdon Cli�ordThe Postulates of the Science of Space, 1872 [29]In this chapter, we present the proofs of results used in previous chapters. All of these proofsrefer to the frictionless version of the planner.7.1 Connectedness of Equivalence RegionsFirst, we present some results on the connectedness of the equivalence regions, and on thedecomposition of manipulator trajectories. Once a high level path from start to goal has beenfound by searching the state transition graph, this high level path must be instantiated as aspeci�c trajectory for the palms to follow. We will show that all manipulator trajectories canbe composed from two simple types of motions.By a connected region we mean a region X such that if x1 2 X and x2 2 X, there is acurve segment whose endpoints are x1 and x2, and which is completely contained in X. By asimply connected region, we mean a connected region X without holes. More formally, a simplyconnected region is a connected region X that can be continuously shrunk to a single point.A stable edge of an object is an edge on which the object can rest on a horizontal palm,unsupported by the other palm, without tipping over, in the face of small disturbances. In otherwords, a stable edge is an edge es such that, if one were to project the center of gravity ontoes, this projection would lie in the interior of the line segment es.In this chapter, except where noted, we will assume that we have palms of in�nite length;in other words, that the palms are much longer than the object, so that arbitrarily small coneopenings are feasible. We will also assume frictionless contact.Let S be an equivalence region corresponding to a stable edge, and p; q be points in S.Theorem 1 S and its projection into the (�; �) plane are simply connected.First we recall the description of S from Chapter 3:79
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Figure 7.5: Contact normals and gravity vector in realspace.con�gurations correspond to points in two di�erent subregions of the region represented in Fig-ure 7.1. (In the top pose, the object vertex which is in the vertex of the cone is making twopoint contact: contact simultaneously with both palms.) We will show that a �xed-� squeezeis completely contained in S if its endpoints are in the same subregion of S. Note that a pointin S of four-point contact (as in the bottom con�guration of �gure 3.5) is in the closure of twodi�erent subregions (possibly even two di�erent regions), but will not be considered to be amember of either region for the purposes of the next theorem.Theorem 6 (Fixed-� Squeezes) If p; q 2 S, p and q are vertex-equivalent, and p q has slope@�@� = "12 , then p q is completely contained in S.Proof: Without loss of generality, assume that the left palm is making edge contact witha particular edge of the object, and the right palm is making one point contact with a vertex.Let n̂L1; n̂L2 be the (force-torque) contact normals of the left palm in con�guration space, andn̂R be the contact normal of the right palm. Let G be the force vector corresponding to gravity.See Figure (7.5). If n̂L1; n̂L2; G are coplanar (which is true when the left palm is horizontal), thestability of the object is independent of the right palm, and the theorem is immediately true.Therefore, we will only consider the case where n̂L1; n̂L2; G are in general position. By thede�nition of a �xed-� squeeze, n̂L1; n̂L2, and G are �xed, and n̂R varies with �. The stabilitycriterion is that �G is in the positive span of n̂L1; n̂L2, and n̂R:�G = k1 n̂L1 + k2n̂L2 + k3n̂R; (7.2)k1; k2 � 0k3 > 0k3 is strictly positive because n̂L1; n̂L2; and G are linearly independent. This equation canbe rewritten: 84



(�n̂R) = 1k3G+ k1k3 n̂L1 + k2k3 n̂L2; or(�n̂R) = k01n̂L1 + k02n̂L2 + k03G; (7.3)k01; k02 � 0k03 > 0So, the �xed-� squeeze will correspond to a line segment in (�; �) space which is entirelycontained in (the projection of) S if and only if the trajectory swept out by �n̂R only entersand leaves the cone formed by n̂L1; n̂L2, and G at most once each.In the frame with the left palm aligned with the x axis, and the object center of gravityas the origin, n̂R = [� sin�; � cos�; �rx cos� + ry sin�], as � varies from 0 to �. [rx; ry] isthe (�xed) vector from the CG to the vertex in contact with the right palm. The condition forstability is then �264 � sin�� cos��rx cos�+ ry sin� 375 = [n̂L1 n̂L2 G]264 k01k02k03 375 (7.4)k01; k02 � 0k03 > 0Notice that as � varies, the curve swept out by �n̂R lies in a plane P in force-torquespace which goes through the origin. The intersection of this plane with the cone described by[n̂L1 n̂L2G] is either only the origin, in which case we are done, or else the intersection is a twodimensional cone in P. We wish to show that �n̂R only enters and leaves this cone at mostonce each.The plane P can be rotated into the (x; y) plane by the full rank transformation264 1 0 00 1 0ry �rx 1 375 (7.5)which functions as a projection into the (x; y) plane for all points in P. Therefore the stabilitycriterion is that the circular arc [sin� cos�] only pass in and out of a cone at most once each.Since the trajectory of �n̂R does not make a full revolution, this is clearly true, and we aredone. 2Since subregions of a given equivalence region will have as the boundary between them aregion of four point contact which is in the closure of both subregions, we can transit from onesubregion to another by doing a �xed-� squeeze to take us to the four point contact region, andthen another �xed-� squeeze into the new subregion.Theorem 7 For the equivalence regions of cone with palms of equal �nite length, but a full 180degrees of rotational freedom for each palm, Theorems 5 and 6 still hold.Proof: For a cone, �nite palm length corresponds to a lower bound on possible �, but notof possible � for a given possible �. In other words, the new boundary of the equivalence region85
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Figure 7.6: Trajectory decompositionis a line of the form � = constant. Therefore, the pure tilt and pure squeeze properties stillhold. 2Armed with Theorems 5, 6, and 7, we can now see that for our manipulator, we can planmotions from one boundary point to another by �nding piecewise linear (in (�; �) space) motionscomposed of pure tilts and �xed-� squeezes, without having to keep track of anything exceptthe valid range of � which is contained in S for each �.In fact, for an object which has all statically stable sides, we know that all the equivalenceregions contain the point corresponding to the cone Cone(�; 0): in other words, the entire line(call it the \baseline") corresponding to the bottom palm being horizontal is contained in eachequivalence region. The baseline is the edge of the equivalence region which corresponds tothe line �(�) = "���2 , where " = 1 for the object resting on the left palm, �1 for the objectresting on the right palm. So, for any start point and any subgoal point in an equivalence regioncorresponding to a stable edge, one of the following is true:� There is a pure tilt connecting the two points, or there is a �xed-� squeeze connecting thetwo points. Then there is a single operation that will bring you from the start state tothe subgoal state.� If there is not a pure tilt or �xed-� squeeze connecting the two points, then draw the puretilt line from the start state to the baseline, and the pure tilt line from the goal state tothe baseline. These are both guaranteed to be contained in the shadow of the equivalenceregion by Theorem 5. There will be some line (a �xed-� line) contained in S which isparallel to the baseline and which passes through these two pure tilt lines. (At the veryleast, the baseline will satisfy this requirement). See Figure 7.6. Therefore, the subgoalcan be achieved from the start state in at most two tilts and one �xed-� squeeze.For an unstable edge, equivalence regions as we have de�ned them are no longer connected.However, in each component of the equivalence region, the above results about pure tilts and�xed-� squeezes still hold. 86



The results are summarized below.Theorem 8 (Path Planning) Given any two points in an equivalence region S correspondingto a stable edge of a polygon P, there exists a path entirely contained in S. which can bedecomposed into at most two tilts and one �xed-� squeeze.If the equivalence region does not correspond to a stable edge, but the two points are inthe same component of the equivalence region, there still exists a path between the two pointscomposed only of pure tilts and �xed-� squeezes which is entirely contained in that component.Therefore, if there exists a path from an arbitrary start state to an arbitrary end state, wherethe transitions between equivalence regions are given by pure tilt motions, the entire path betweenthe start state and the goal state can be decomposed naturally into pure tilts and �xed-� squeezes.7.3 Existence of PlansFor planning paths from known start states, breadth-�rst search over the transition graphassociated with a part will �nd a minimal length reorientation plan, assuming the plan exists.For a part with all stable edges, a reorientation plan between any two stable states exists ifand only if the transition graph is strongly connected. A strongly connected graph is one wherethere is a directed path from any node to any other node. For a part with some unstable edgeswe would like there to be a directed path from any stable edge on either palm to any otherstable edge on either palm. We can say in this case, that the subgraph of nodes of the transitiongraph corresponding to the stable edges of the part is a strongly connected component of thetransition graph. In either case, if the stable states of a polygon P form a strongly connectedcomponent of the transition graph, we will call P orientable. An arbitrary polygon P is notalways orientable. Consider the triangle in Figure 7.7. If the sliding transfer motion is possible(i.e. bidirectional arcs from the equivalence region (edge; left) to (edge; right)), then the graphis strongly connected. If these sliding motions are not possible, then the graph is disconnectedinto three clique-pairs. We present some conditions which are su�cient to determine whethera part P is orientable.Let us orient the edges of the polygon so that edge ei1 is a ray whose origin is vertex vi,and the vertices (and edges) are ordered counterclockwise with respect to the center of gravity.When the polygon is in a �xed position (say � = 0), each edge ei then forms an angle �i with thehorizontal. Then the relative angle between edges ei, and ej can be de�ned to be �ij = �j ��i.See Figure 7.8.Lemma 9 For a cone with in�nite length palms, suppose polygon P is resting stably on edgee0 on the left palm. Let the right palm make contact with vertex vk. Let the vector from thecenter of gravity of P to vertex vk be vk, and �?k be the cone opening such that the right palmis perpendicular to vk. Then:� For all cone openings such that �?k+1 < � < �?k, P will rotate to edge ek on theright palm, upon executing a pure clockwise tilt. If ek is stable, the part will stay in thatcon�guration.1In the subscripts for polygon edges or vertices, or of the nodes of the transition graphs G or G0 (which willbe presented later), i� k is shorthand for (i� k) modulo N .87



Figure 7.7: If sliding transfer motions (shown as dashed lines) are physically feasible, then thetransition graph for this object is strongly connected. Otherwise, it is disconnected into threecliques
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Figure 7.10: Determining the rotation sense of a partwith the left palm horizontal and ends with the right palm horizontal. G is anti-parallel to n1;2when the left palm is horizontal, and anti-parallel to n3 when the right palm is horizontal. Asshown in Lemma 3, some arc (possibly empty) of gravity's trajectory corresponds to the objectbeing in equilibrium; by hypothesis, this arc, �I , is non-empty and contains our start state. Ifedge e0 is stable, then the cone orientation where G is anti-parallel to n1;2 is contained in �I ,and without loss of generality, we may consider the left palm horizontal to be our start state.Otherwise, all of �I must be counterclockwise of this orientation, and since we are sweepingcounterclockwise, we need not consider it.As we rotate G, at some point force balance will no longer be feasible, and the object mustrotate to another stable state (on the right palm). When equilibrium is no longer feasible, thepart will move in a direction which minimizes potential energy: the instantaneous velocity ofthe center of gravity must make a positive dot product with G. If G is anti-parallel to n3,then it is obvious that if the center of gravity is to the left of n3, the part can only minimizeits potential energy by falling to the left: a positive rotation. If the center of gravity is to theright, the object can only make a negative rotation. In either case, the terms of the lemma aresatis�ed, and we are done. We now consider the case when G is in the interior of the feasiblerange of gravity directions.By doing a kinematic analysis, we �nd that there are only two feasible centers of rotationat the moment force balance is lost. One is the point of intersection of n1 and n3 (labeled I1 inFigure 7.10), which corresponds to contact 2 breaking. I1 must have a positive rotation senseto prevent contact 2 from penetrating the palm. The other feasible center of rotation is theintersection of n2 and n3 (labeled I2). I2 must have a negative rotation sense.90



Drawing lines l1 and l2 parallel to G and passing through I1 and I2, respectively, we makethe following observations. Taking �G as a directional reference (and any point on l1 as theorigin), the instantaneous motion vector of every point to the left2 of l1 will make a positive dotproduct with G only if I1 is the center of rotation. Hence, if the center of gravity is to the leftof l1, the part will make a positive rotation. The instantaneous motion vector of every pointto the right of l2 (now using a point on l2 as the origin) will only make a positive dot productwith G if I2 is the center of rotation. Therefore if the center of gravity is to the right of l2, thepart will make a negative rotation. No point in between l1 and l2 can ever make a positive dotproduct with G. Hence, if the center of gravity is between l1 and l2, the part will remain inequilibrium.Making this construction for the (equilibrium) starting con�guration of the object and thecone, we observe that the center of gravity must lie in the region between this original l1 andl2. Some subset of this original region is to the left of n3, and some subset to the right. We willcall the interior of the left region, plus the segment of l1 which intersects P , L0. We will callthe interior of the right region, plus the segment of l2 which intersects P , R0. Recall that weare explicitly ignoring the case where n3 passes through the center of gravity. Also, note thatL0 and R0 are �xed regions de�ned with respect to the start state; they do not change as thegravity direction rotates.As the cone tilts, l1 and l2 will pivot about I1 and I2, remaining parallel to G. It is easy tosee that if the center of gravity is in L0, it must always be either between l1 and l2 or to the leftof l1 (using �G as the directional reference). If the center of gravity is in R0, it must alwaysbe between l1 and l2 or to the right of l2 (using �G as the directional reference). The lemmais therefore proved. 2We can now prove Lemma 9.Proof: (Lemma 9) We use the same reference frame as in Lemma 10. Using an argumentsimilar to the one in the �rst paragraph of the proof of Lemma 10, we �rst argue that at somepoint during the cone tilt, force balance will in fact no longer be feasible. At the very least,force balance (for the initial pose of the object in the palms) will not be feasible when the rightpalm is horizontal; this is when G is anti-parallel to n3. Notice from Figure 7.9 that if � > �?k,then the center of gravity is to the left of n3. By Lemma 10, when force balance is no longerfeasible, the part will rotate counterclockwise, to edge ek�1 on the right palm.It is possible that as the part rotates counterclockwise, the part will make edge palm contactbetween the left palm and the edge of the part clockwise of e0 (edge eN�1, by our labelingconvention) before the right palm makes contact with edge ek�1. If this happens, the left palmloses contact with the vertex at n2, but maintains contact with the vertex at n1, which iscommon to both edges e0 and eN�1. Let us assume that when the part loses stability, it rotatesinstantaneously from edge e0 on the left palm to edge eN�1 on the left palm, so that gravitymaintains the same orientation during the transition. The part will rotate counterclockwiseabout I1 in such a way that the motion of the center of gravity makes a positive dot productwith gravity | the center of gravity is on the left of the line l1 (with �G as the directionalreference). As the part rotates, the line l1 (and the rotation point I1) will move, but maintainthe same orientation. Recall from Chapter 3 that if a part is in two point contact with the palms(one contact per palm), with gravity in a �xed direction with respect to the palms, the potentialenergy curve of the part is either concave down, with a single maximum in the interior of therange of feasible orientations for those two contacts, or it has no maximum in the interior of this2Note that l1 is always to the left of l2 with respect to �G for all valid directions of �G.91
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Figure 7.11: If edge e0 is resting on the left palm, then the vectors vi formed at vertices v1; v2,and v3 form strictly acute angles with e0. Hence, there are pure tilt motions to transfer thepart to one of edges e1; e2, or e3 on the right palm.range. The unique local maximum (unstable equilibrium) will correspond to a con�gurationwhere the center of gravity lies on the line l1. Since the potential energy cannot increase, thecenter of gravity must remain strictly to the left of the moving l1. When edge eN�1 makescontact with the left palm, three point contact will be reestablished, with the former n1 nowplaying the role of n2. Hence, the center of gravity must be strictly to the left of the new l2. Itmust either be between the new l1 and l2, or to the left of both of them.If the center of gravity is in the closed region between the new l1 and l2 we are againin the situation described by Lemma 10, which we can apply again to get the same answer(counterclockwise rotation). If the center of gravity is still to the left of the new l1, the partwill continue to rotate counterclockwise, until in fact it reaches edge ek�1 on the right palm.If � < �?k, then the center of gravity is to the right of n3. By Lemma 10, when forcebalance is no longer feasible, the part will rotate clockwise; by a similar argument as above, itwill rotate to edge ek on the right palm. 2If edge ek is not stable, the part may not remain on edge ek, but may transfer to the nearest(in the sense of having the nearest local minima of potential energy) stable edge. In fact, thepart can be made to transfer to that nearest edge by tilting until the right palm is horizontal,and opening both palms 
at.In the case of only stable edges, however, it is easy to show using Lemma 9 that one cantransfer from, e.g. edge e0 to any edge ei such that the vector vi forms a strictly acute anglewith edge e0 (see Figure 7.11). From this follows the (weaker) conclusion that one can hencetransfer from edge e0 to any stable edge ei which has a positive relative angle less than or equalto �. If e0 is resting initially on the right palm, a similar result holds for all edges ei with relativeangle �i � �0 negative and greater than ��. Hence, if there is an arc of the transition graphconnecting two stable edges (ei; left) with (ej ; right), and �ij � �, this arc is bidirectional: that92



is, it corresponds to two directed arcs in opposite directions3.Lemma 11 For a cone with in�nite length palms, if a polygon P is resting stably on edge e0on the left palm, there is a cone trajectory that will transfer P to rest on any stable edge ei onthe right palm if the relative (CCW) angle between ei and e0 is nonzero and less than or equalto �. The corresponding arc of the transition graph is bidirectional.Using this fact, we can �nd our �rst set of su�cient conditions for P to be orientable.Theorem 12 Let P be a convex polygon with N all stable edges, G the corresponding transitiongraph. In order for P to be orientable, it is su�cient that either:1. Sliding transfers be possible, or2. For every edge ei of P , there be at least two edges ej ; ek such that �ij ; �ik � �.If either of the above two cases is true, then the length of any reorientation plan is bounded byN . This plan can be found in O(N2) operations.Proof: By Lemma 11, every node (e0; left) has at least one (bidirectional) arc, to (e1; right),since two adjacent edges must have relative angle less than �. We can then collapse the graphG into a smaller graph G0, with N nodes. Each node pi of G0 corresponds to the node pair((ei; left); (ei+1; right)): Suppose that case 1 of the theorem is true. Then (ei; left) is connectedto (ei; right). With respect to G0, this means that every node pi is connected bidirectionallyto node pi�1. Suppose case 2 of the theorem is true. Then edges ei+1 and ei+2 both haverelative angles with edge ei less than or equal to �. Hence, by Lemma 11, (ei; left) is connectedbidirectionally to (ei+2; right). This means that in G0, node pi is connected to node pi+1. Ineither case, G0, and hence G, contains a cycle, and is therefore strongly connected. The lengthof the cycle in G is 2N , and the length of the shortest path between any two nodes of G isno more than N . If we search G using breadth-�rst search, this minimum length path will befound in k � 2N operations, where k is the maximum number of children of any given node inG. Since k can be no more than N , a path can be found in O(N2) operations. 2For a polygon P with unstable edges, we can construct a sort of subpolygon, P 0, which hasall stable edges. For each edge ei consider the half plane formed by all points in the plane whichmake a nonnegative dot product with the outward facing edge normal. Call that half plane Hi.Every vertex of P which is connected to two stable edges is also in P 0. For each unstableedge eu take the edges eCW and eCCW which are the closest stable edges to eu going clockwiseand counterclockwise, respectively. Let the intersection of the extensions of eCW and eCCWbe x. If x is in Hu, then x is a new vertex of P 0. Otherwise, P 0 is unbounded between eCWand eCCW . If none of the edges of P 0 are unbounded, then P 0 is bounded. Figure 7.12 showsan example of a bounded and an unbounded subpolygon. Make the one to one correspondencebetween the edges of P 0 and the stable edges of P . Any bidirectional arcs in the transitiongraph of P 0 which are gotten by the application of Lemma 11 will also be in the transitiongraph of P , since the operation of forming P 0 preserves the relative angles between the stableedges. However, an unbounded P 0 no longer has the property that adjacent edges must haverelative angle less than �. In fact, if an edge e0 of P 0 has as its counterclockwise adjacent edge3It is more succinctly represented as an undirected arc, of course, but we will choose to represent it as twodirected arcs to distinguish it from arcs which are truly directed, that is, one-way only.93
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Figure 7.12: The top polygon has a bounded subpolygon. The bottom polygon has an un-bounded subpolygonan unbounded edge, then it is true that the next counterclockwise edge after that will make arelative angle with e0 of greater than or equal to �. Nonetheless, we can still extend Theorem 12to any polygon whose subpolygon P 0 is bounded and satis�es the the conditions of the theorem.Corollary 13 Any polygon P whose subpolygon P 0 is bounded and satis�es the conditions ofTheorem 12 is orientable. The length of any path is bounded by M , the number of stable states,and can be found in O(M2) operations, after P 0 has been constructed.If P has N sides, M of which are stable, constructing P 0 takes time O(N).Theorem 12 and its Corollary are useful for \eyeballing" polygons and determining quicklywhether their transition graphs might be strongly connected. In fact, if condition 1 of thetheorem (namely, that sliding transfer are possible) is satis�ed, we will show later that anypolygon is orientable. Sliding transfers may not always be practical, however, since the palmsmay not actually make contact at the cone vertex, or there may be an obstacle such as a motor orhinge near the vertex. In the case where sliding transfers are disallowed, Theorem 12 is a fairlyweak theorem, and there are many orientable polygons which do not satisfy its preconditions.In order to tell which edges can be reached from a given edge ei on the left palm, one canmake use of the following construction (see Figure 7.13). Color each stable edge of the polygonP a di�erent color, and color any unstable edges with the color of its nearest stable edge (inthe potential energy sense, as before). Then draw a circle around P , with its center of gravityas the center of the circle. Each colored set of edges of P can then be projected up into an arcof this circle, which will be considered to be also colored appropriately. Label each arc �i; eacharc �i contains within itself the projection of exactly one stable edge, e�i . We will call thiscircle CP . Now draw a line li through the center of the circle parallel to the inward pointingnormal of edge e�i , ni. Let ti be a vector perpendicular to ni such that the frame (ti;ni) is aright-handed frame. Set this frame so that its origin is at the intersection of li and e�i . Thenwhen CP is rotated so that this frame is aligned with the world frame (that frame where gravity94
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Figure 7.13: Construction for determining reachable edges. Note that edges e0 and e4 corre-spond to the same arc on the circle. This is because edge e0 is the stable edge to which theunstable edge e4 will fall.is anti-parallel to the vertical axis), we have a description of the orientation of P when it isresting on the stable edge e�i . We can use the frame (ti;ni) to orient the plane with respect toni.De�nition 7.1 (Open right half plane) The line li divides the plane into two half planes.The open half plane of directions which make a positive dot product with ti is the open righthalf plane with respect to ni)Any arc of the circle (other than �i) which reaches into open right half plane with respectto ni corresponds to a stable edge of P which is reachable using a clockwise tilt starting fromthe state (e�i ; left palm). This follows from Lemma 9; it is a generalization of the observationthat from an edge e0 one can reach any edge ei such that the vector from the center of gravityto the vertex vi makes a strictly acute angle with e0. See Figure 7.14. Similarly, any arc of thecircle (other than �i) in the open left half of the plane corresponds to a stable edge of P whichis reachable from edge e�i using a counterclockwise tilt starting state (e�i ; right palm). We canthen build a transition graph G for the arcs �i of CP . Suppose that the state (e�0 ; left palm)can reach the state (e�k ; right palm). The corresponding transition is bidirectional if the rightendpoint of �0 is in the open left half plane with respect to nk.Theorem 14 If sliding transfers are possible, any polygon P is orientable. The path lengthfrom any initial state to any goal state is bounded by 2M , where M is the number of stableedges. It can be found in O(M2) operations.Proof: Recall that the time to �nd a path through a graph by breadth-�rst search isbounded by Nk, where N is the number of nodes and k is the maximum number of children ofany node. Every node of G (2M of them) has at most M children, so we only need to prove95
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that G is strongly connected Construct the circle diagram CP . There are M colored arcs �i inCP , each one containing the projection of one stable edge, e�i . Construct the lines li and theframes (ti;ni) as described previously. Since we know that the nodes (e�i ; left) and (e�i ; right)have a bidirectional arc between them (sliding transfer), we an collapse G into a smaller graphG0. A node pi of G0 corresponds to the node pair ((e�i ; left); (e�i ; right)), G will be stronglyconnected if and only if G0 is strongly connected. If every arc of CP can reach its neighboringcounterclockwise arc bidirectionally, then we are in a situation analogous to Case 1 of Theorem12, and we are done.Otherwise, suppose that arc �0 cannot reach its neighboring counterclockwise arc, bidirec-tionally. This case also breaks down into two cases. It may be the case that P has only onestable edge; in that case, G0 is a single node, and hence trivially strongly connected, and we aredone.Suppose that P has more than one stable edge. If �0 cannot reach any other counterclockwisearc bidirectionally, then there are no normals ni in the open right half plane of n0. Hence, allthe normals ni are in the same closed half plane: the closed left half plane of n0. n0 will be thenormal the furthest in the counterclockwise direction. Hence, it is the case that (e�i ; left) canbe brought to (e�i+1 ; right) bidirectionally for all i greater than 0. Therefore (see Figure 7.15),for the graph G0, every node pi is connected to pi+1 for i > 0. The graph G0 forms a path oflength M , and G forms a path of length 2M , and we are done. 2Theorem 15 If sliding transfers are not possible, in order for P to be orientable it is su�cientthat every arc �i of CP can reach two other arcs �i+1 and �i+2 going counterclockwise. That is,�i+1 and �i+2 both reach into the open right half plane of ni. The path from any initial stateto any goal is bounded by 2M and can be found in at most O(M2) operations.This theorem can be restated as in Chapter 3:If sliding transfers are not possible, in order for P to be orientable it is su�cientthat every stable edge e�i , when resting on the left palm, can reach two other stableedges e�i+1 and e�i+2 on the right palm by a clockwise tilt. If P has M stable edges,the path from any initial state to any goal is bounded by 2M and can be found in atmost O(M2) operations.Proof: If �i+1 and �i+2 both reach into the open right half plane of ni, then �i+1 must becompletely contained in that open half right plane. Hence ni+1 is in the open right half plane,and (e�i ; left) can be brought to (e�i+1 ; right) bidirectionally. So we can again collapse G intoa smaller graph G0, where the nodes pi correspond to the node pairs ((e�i ; left); (e�i+1 ; right)):We also know that (e�i ; left) can reach (e�i+2 ; right) at least unidirectionally. Hence, node piof G0 can reach node pi+1 at least unidirectionally, for all i. G0 therefore forms a directed cycleof length M , as seen in Figure 7.16, and G forms a directed cycle of length 2M . 2An analogous result naturally holds in the clockwise case, as well.7.4 Homing SequencesAs described in Chapter 5, if we wish to �nd a plan to orient a part to a known �nal state froman arbitrary unknown initial state, we can construct a larger transition graph whose nodes arethe elements of the power set of the set of equivalence regions, and whose arcs are cone motions.97
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Figure 7.16: Worst case scenario for Theorem 15One of the questions which we wish to address is the discretization of cone motion space. Howmany di�erent cone motions, or how �nely do we have to sample the cone motion space, if wewant to guarantee that we will �nd an orientation plan, if one exists? We would also like to�nd conditions for which a polygon P can be oriented to a particular goal from any arbitraryinitial state.We recall Lemma 9:For a cone with in�nite length palms, suppose polygon P is resting stably onedge e0 on the left palm. Let the right palm make contact with vertex vk. Letthe vector from the center of gravity of P to vertex vk be vk, and �?k be the coneopening such that the right palm is perpendicular to vk. Then:� For all cone openings such that �?k+1 < � < �?k, P will rotate to edge ek onthe right palm, upon executing a pure clockwise tilt. If ek is stable, the partwill stay in that con�guration.� For all cone openings such that �?k < � < �?k�1, P will rotate to edge ek�1on the right palm, upon executing a pure clockwise tilt. If the ek�1 is stable,the part will stay in that con�guration.We can construct such intervals for a polygon with unstable edges by performing a similarprocedure on CP . Orient CP so that n0 is parallel to the y axis. Label the endpoints of eacharc in a manner analogous to the labelling of polygon vertices: every arc �i has two \vertices"(endpoints) v�i and v�i+1 , going counterclockwise. v�i is the vector from the center of CP tov�i . If edge e�0 is resting on the left palm, then let �?i be the cone opening such that the rightpalm is perpendicular to v�i , for i > 0. Then again,1. For all cone openings such that �?i+1 < � < �?i, upon executing a clockwise tilt, P willrotate to arc �i, and hence to edge e�i as the unique stable edge within that arc.98



2. For all cone openings such that �?i < � < �?i�1, upon executing a pure clockwise tilt, Pwill rotate to edge e�i�1 on the right palm.3. If a sliding transfer of edge e�0 to the right palm is feasible, it will occur upon executinga clockwise tilt, for � > �?1 . This follows from item 2.This follows from Lemma 9. We can now determine how �nely we must sample cone motionspace in order to guarantee �nding a plan, if one exists.Theorem 16 Suppose we have a polygon P , and a cone with in�nite length palms. If transitionsbetween equivalence regions are executed using pure tilts, then there is a �nite set of cone motionssuch that a (frictionless) homing sequence exists if and only if it can be constructed from this�nite set of cone motions.Proof: Assume we determined all the intervals of cone openings for all the stable edges ofthe object on the left palm, as described above. Sort the endpoints (both upper and lower) ofall the intervals into a sequence f�ig. Let the interval Ii be the interval from �i to �i+1. Do thesame for the right palm, and call those intervals Ji. Pick a sequence of cone openings, one outof each interval, 
i 2 Ii and �i 2 Ji.Let �max(�) = (� � �)=2:0. �max(�) corresponds to a cone with cone opening � tilteduntil the left palm is horizontal; ��max(�) corresponds to the right palm horizontal. By using��max(�), we guarantee that when we tilt, for example, right, that at the end of the tilt theobject must be resting in edge-palm contact with the right palm, and vice-versa if we tilt left. Ifa homing sequence exists for P , it can be found by searching only over the set of cone motions(
i; �max(
i)) �! (
i; ��max(
i))(tilts from left palm to right palm)(�i; ��max(�i)) �! (�i; �max(�i))(tilts from right palm to left palm)plus the appropriate �xed-� squeezes to move from any (
i; �max(
i)) to any (
j ; �max(
j)),and from any (�i; ��max(�i)) to any (�j ; ��max(�j)).Each value in the sequence f�ig represents a cone opening where some initial equivalenceregion Ei stops transiting to equivalence region Ej upon executing a pure tilt (for cone openingsless than �i), and begins transiting to equivalence region Ek (for cone opening greater than�i). Hence, the endpoints of each interval Ii (or Ji) represent critical cone openings wherethe behavior of the system will change for some sets of equivalence regions. No such criticalpoints will occur inside any interval Ii (Ji), by construction. Each interval Ii (Ji) representsan interval of cone motions whose e�ect is identical on any given set of equivalence regions.Since the number of intervals is �nite, there are only a �nite number of equivalent sets of conemotions. By our construction, we have found them all, and if there exists a homing sequence,it will have to be composed of this �nite set of motions. 2We can construct our power set transition graph using the set of cone motions as obtained inTheorem 16. Then by Theorem 16, a breadth-�rst search through the hypergraph is guaranteedto �nd the shortest homing sequence for our object, if one exists. Breadth-�rst backchainingsearch from a particular desired goal state back to the maximum hyperset is likewise guaranteedto �nd the shortest path to a desired state, if one exists.99
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Chapter 8ConclusionVisualizing vividly the condition as a whole may mean an essential advance; and sepa-rating the condition into appropriate parts may be an important step forward. When wehave found a �gure that we can easily imagine, or a notation that we can easily retain, wecan reasonably believe that we have made some progress. G. PolyaHow to Solve It [70]8.1 Future Work8.1.1 Existence of Homing SequencesClearly, in order for a part to be homed to any arbitrary goal state, it must be orientable.However, not all orientable parts can be homed to any arbitrary state. As an obvious example,a regular polygon of uniform mass distribution cannot be homed to any arbitrary edge. Anyedge of a regular polygon will behave in exactly the same way for any given cone motion, andhence there is no cone motion which will bring two initial states both to a single end state.Without such merging of the states, no homing sequence can exist.A non-square rectangle with uniform mass distribution is another orientable part whichcannot be homed to any arbitrary goal. According to our planner, however, it can, be homedto either palm, to any stable orientation modulo �. Intuitively, this is because there exists aninterval of cone openings which will bring both the long edge and the short edge on a given palmto a long edge on the opposite palm. Hence there is some reduction of state; but we cannot tellwhich long edge we are resting on, because we cannot mechanically distinguish one from theother. If the rectangle does not have uniform mass distribution, it is possible that it may againbe homed to any arbitrary state, since now a given edge may not look exactly like its oppositecounterpart.De�nition 8.1 (Group) [81] A group is an ordered pair (G; �) such that G is a set, � is anassociative binary operation on G, and there exists e 2 G such that� if a 2 G, then a � e = e � a = a� if a 2 G, then there exists a�1 2 G such than a � a�1 = a�1 � a = e101



The element e is known as the identity of G. The set of in-the-plane, symmetry preservingrotations on a polygon, together with the operation which composes rotations, forms a group,whose identity is the 0 (or equivalently, 2�) rotation. When we say symmetry preserving, we arealso including the location of the center of gravity. For example, a regular n-gon with uniformmass distribution has associated with it the group f�=n; 2�=n; :::; 2�g. The example polygonwe have been using, depicted in Figure 3.2 of Chapter 3, has associated with it the group f2�g:there is no symmetry preserving rotation of this polygon which remains in the plane, otherthan the identity. These groups are called cyclic groups, because all of their elements can begenerated by repeated composition of the smallest rotation in the group.We make the following conjecture:Conjecture An orientable polygon can be homed to any arbitrary stable state if its associ-ated cyclic group is only the identity. Otherwise, it can be homed at best to any given orientationmodulo the smallest rotation of the associated cyclic group.Informally, we conjecture that any orientable polygon can be homed up to symmetry.8.1.2 Minimizing Dynamic InstabilityUp to this point, the analysis used by the planner has assumed that the state of the systemcan be described entirely by positional parameters: the orientation of the palms, and object,and which palm the object is resting upon (or was resting upon last). In other words, the stateof the object is described only by its potential energy and by the (possibly frictional) contactforces applied to the object by the palms. Under these assumptions, the only way to changethe state of the object is by changing the contact forces upon the object. State changes due tovelocity e�ects have been ignored. Velocity e�ects can be e�ects due to momentum or kineticenergy, such as tumbling or impact. They can also be e�ects due to centrifugal or coriolis forces,such as the object being thrown from the palms or sliding o� a palm due to centrifugal motion.Unpredicted state changes due to centrifugal or coriolis forces can be minimized by keepingthe rotational velocity of the palms su�ciently low, and by avoiding abrupt accelerations anddecelerations. For the experimental system used to test the plans, the rotational velocity of thepalms has been approximately constant in magnitude, in the range of about 0.4 to 0.5 radiansper second. Although this leads to abrupt decelerations at the end of a motion, the dynamice�ects due to these decelerations have not generally been observed to cause plan failure.A more signi�cant cause of plan failure has been excess kinetic energy of the object. Insome cases, after a tilt has been executed to bring the object to a new resting state on a newpalm, the translational energy given to the object by the palm motions will cause the object tocontinue to slide tangentially on the resting palm, until the object slides o� the palm. In othercases, the rotational energy imparted to the object by the palm motions will cause it to tumblefrom its nominal resting state to another resting state not predicted by the planner.The most common cause of this excess kinetic energy is a palm trajectory where a motioncorresponding to a very small cone opening is followed by a tilt. This pinching of the object bythe palms moves the objects radially outward on its resting palm. If the palms then executea tilt, the e�ect is similar to that of a long tether which is anchored at one end, and has amass attached to the other end. If the tether is then swung in a circle about its �xed end, itexerts a force on the mass radially inward proportional to r!2, where r is the length of thetether and ! is the velocity of the rotation. The mass exerts a force of equal magnitude and102
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Figure 8.1: A: In the cone frame, if the radially outward component of the force on the massdominates any forces radially inward, the part may 
y o� the palm. B: If the energy of themass at the end of the motion is too high, when the part slides down the palm, much of itsenergy (minus what is lost in the impact and what is converted to rotational velocity) will beconverted into sliding motion, and the part may slide o� the palm.
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opposite direction (radially outward) on the tether. If the tether were then to stretch or breakin response to that force, the mass would then move radially outward. In the same way, theobject on the palms wants to slide radially outward on its resting palm, and may possibly slideentirely o� the palm. Even after the tilt is �nished, the object will have some residual, radiallyoutward velocity left.Even if the tilt is successfully executed, and the object does not slide o� the palms, it issometimes the case that the next motion corresponds to the palms opening very wide. In thiscase, the object starts out radially far from the vertex of the cone being formed by the two palms,and gravity pulls the object towards the vertex, usually so that the object can be transferred tothe other palm. The object will then slide all the way down, transforming its initial potentialenergy into kinetic energy. This can cause it to continue sliding when it contacts the other palm,sometimes o� the palm. More often, however, the impact with the other palm can transfer thekinetic energy from translational to rotational motion of the object, and the object will tumbleand rotate in a way not predicted by the planner. An algorithm for designing palm trajectoriesto minimize dynamic e�ects at higher joint velocities would be useful. Alternatively, a methodof predicting dynamically unstable moves, much as we can identify frictionally unstable moves,would enable us to easily expand the planner framework which we already have.We have already considered one way of trying to minimize dynamic e�ects for the planswhich the existing planner generates. Recall that by Lemma 9, there are intervals of coneopenings, Ii, each with an associated tilt direction, such that pure tilts for any cone openingin Ii can cause the same transition for a particular initial state, or set of possible initial states.Consider the two scenarios mentioned previously; in order to minimize the centrifugal e�ects inthe �rst scenario, one must maximize the cone opening of the pinch, to keep the radial distanceof the object from the cone vertex as small as possible. To minimize the dynamic e�ects inthe second scenario, one must minimize the cone opening which follows the pinch (or open thepalms very slowly) in order to keep the kinetic energy of the object as small as possible. Bothof these objectives can be met simultaneously by minimizing the di�erence between successivecone openings in a given trajectory.It follows from Lemma 9 that every arc of the power set transition graph represents a setof motions, or an interval of cone openings with an associated rotation direction. If we wish tominimize the di�erence between successive cone openings in a palm trajectory, we can do so bypicking the cone openings at the endpoints of the cone opening intervals, or at least near theendpoints, if we wish to leave a little slack to account for the inaccuracies in palm positioningof the physical system. Which endpoint we pick depends on the cone openings required by thetilts preceeding and succeeding a given tilt. In principle, minimizing the di�erence betweensuccessive cone openings should minimize the dynamic e�ects in the scenarios above.We took a few homing sequences which the existing planner produced, but which faileddue to dynamic e�ects when run at our customary joint velocity (0.5 radians per second), andoptimized them as above. Unfortunately, this �rst attempt at optimization was not successful.Plans which tended to fail due to dynamic e�ects when run at our default joint velocity stillfailed after optimization, at the same joint velocity. However, it is still plausible that with someadditional modi�cations, some version of this optimization can be made to work.8.1.3 Nonpolygonal objectsThe generalization of our planar planner to nonpolygonal objects should be relatively straight-forward in the case of a part whose set of equilibrium resting poses on a horizontal plane is104



discrete. In the following, we will discuss the frictionless case. Kriegman [46] gives the condi-tions under which a particular pose of a planar, piecewise smooth part will be stable in one ortwo point contact on a horizontal (in�nite length)1 palm.For a piecewise smooth planar part, there are three types of faces with which a palm canmake contact: a 
at edge; a boundary point which is smooth (that is, a point at which the curvedescribing the boundary of the part is di�erentiable) | we will refer to this as a smooth point;and a boundary point which is not smooth | we will refer to this as a vertex. A palm can onlymake contact with an edge if the edge is aligned with the palm. A palm can only make contactwith a smooth point if the tangent to the part's boundary at the smooth point is aligned withthe palm. A palm can make contact at a vertex in some range of relative orientations. Thereare four types of two point contact: with an edge, with two smooth points, with two vertices,or with a smooth point and a vertex. Clearly, all these two-point contacts are analogous to theedge contact we have examined throught this dissertation, with similar conditions for stability.The conditions for stable one point contact are as follows:1. The tangent of the part's boundary curve at the contact point is aligned with the palm.2. The line from the contact point to the center of gravity lies on the normal of the palm atthe contact point.3. The length of this line is strictly less than the radius of curvature of the part at the contactpoint.Condition 1 says that a stable one point contact can only occur at a smooth point. Asmooth point which satis�es Conditions 1 and 2 but not Condition 3 corresponds to an unstableequilibrium contact. For brevity, we will refer to smooth points which satisfy Conditions 1 and2 as smooth equilibrium points. Note that an actual stable edge has some point in its interiorwhich satis�es all three conditions, since a straight line has an in�nite radius of curvature.One attempt at extending the planner is to generalize the concept of \edge" to edges or pointson the boundary of the part corresponding to any equilibrium one or two point contact withthe palm. Those which are stable correspond to stable edges, those which are not correspondto unstable edges. If we can then build concisely described equivalence regions, analogous tothose in the polygonal case, for a piecewise smooth object, we can extend the planner to handlemore general parts.Unfortunately, the nonpolygonal case di�ers from the polygonal case in that, for the polygo-nal case, all equivalence regions of stable con�gurations of the part in the two palms corresponddirectly to a given edge making contact with a given palm. This is no longer true in the non-polygonal case. The part can make either two or three point contact with the two palms. Ifit is making three point contact, one of the palms is making two point contact, and hence ismaking \edge" contact. It seems feasible that there is a corresponding equivalence region ofstable states, with the same nice properties as in the polygonal case: simple connectedess if the\edge" is stable, piecewise linear stable paths through the equivalence region, etc.However, the analogy is not be true in the two point contact case (that is, one point contactwith each palm). If the part is making two point contact with the cone, either both of thepalms are making vertex contact, or at least one of the palms is making contact with a smooth1We use the convention of an in�nite palm simply to indicate that we are ignoring contact between a partand the end of the palm 105



point. By the results in Appendix A, two point vertex contact is never stable. Hence, in orderfor a two point contact con�guration to be stable, at least one of the contacts must be with asmooth point.For a two point contact pose in the palms, the center of rotation will be at the intersectionof the lines through the contact normals. If one draws a line parallel to gravity through thispoint, then in order for the part to be in equilibrium, the center of gravity must lie on thisline. Hence, it is possible for a nonpolygonal piecewise smooth part to be in stable two pointcontact, even if neither of the contact points are smooth stable equilibrium points. For example,consider a circular disc with an o�set center of gravity. This part has only one smooth stableequilibrium point, on the radius which passes through the center of gravity. Call this radial linerCG. Whatever the opening or orientation of the cone, it is clear that the center of rotationis always the center of the disc, and is is equally clear that the part will always rotate in thepalms until rCG is parallel to the direction of gravity, and remain there, stably.It may be possible to draw an analogy to the polygonal case if one considers unstablesmooth equilibrium to be a generalization of vertices. Then an \edge" is the segment of the partboundary between two \vertices", a \vertex" being either an actual vertex or an unstable smoothequilibrium point. If the \edge" is an actual stable edge, or contains a smooth equilibrium point,then it is stable; otherwise, it is unstable. An ellipse, for example, would have two \vertices"and two stable \edges". The circle in the example above would have one \vertex" and one stable\edge". Stable \edges", like stable polygonal edges, have the property that the orientation ofthe part is completely determined on a horizontal palm by specifying which \edge" is in contactwith the palm. There would still be some scenarios which are not seen in the polygonal case,such as a single \edge" making contact with both palms, but it seems feasible that the polygonalplanner can be extended to this case.We have not yet addressed the case where there is an continuum of smooth equilibriumpoints, for example an arc of a circle where the location of the center of gravity happens tocoincide with the radius of the circle. It may be desirable to consider this arc as a specialcase \edge", since in some sense, none of the points on this arc can be distinguished from oneanother.8.1.4 Three dimensional caseKriegman has also presented a method of �nding resting poses for three dimensional partsresting on a plane perpendicular to gravity which have a piecewise smooth convex hull [46], aswell as the stable resting poses and capture regions for smooth parts [47]. Once a workablemodel of a \three dimensional cone" is determined, one could extend these algorithms to �ndthe stable resting poses of a three dimensional part in this three dimensional cone.There are a number of possibilities for extending our principles to the three dimensionalcase, including the use of both palms and �ngers as constraints. If one uses �ngers, however,then the convexity or nonconvexity of the part becomes an issue, whereas in the case of onlypalms, only the convex hull of the part matters.In our planar system, we constrain two degrees of freedom, so the object state can bedescribed simply by the part orientation, plus which palm is making edge contact with thepart. The analogy to three dimensions would seem to be three constraints, leaving the objectstate to be described by its three orientatation parameters, and its relationship to the threepalms (or �ngers). It may be possible to use four constraints. One could �x one of the degrees106



of freedom of the part to be rotation about the z axis, and then orient the part up to rotationabout z.Some possibilities for three dimensional systems include� Three or four �ngers. Abell and Erdmann [1] presented a two �nger stable supportreorientation planner for convex polygonal planar parts. A three dimensional analogue isno doubt possible.� Four palms arranged as two two-dimensional cones set in perpendicular frames. A varia-tion might be one pair of palms and two �ngers.� One tiltable support plane (like the bottom of a tray tilter) and two or three palms, ratherlike the corner of a box with no top whose sides are hinged.A problem with these higher dimensional formulations is that it is much harder to determinethe con�guration space constraint surfaces and the potential energy surfaces or curves in higherdimension. A possibility which may be computationally more tractable is to treat the problemas successive planar problems. Suppose for the sake of discussion that the convex hull of apart is polyhedral. If we have a support plane (tilted so that there a gravitional force in thesupport plane) and two palms in the plane, then there is one face of the polyhedron whichis contacting the support plane, and the projection of the part onto the support plane whichforms the polygon which the palms manipulate. There may be con�gurations of this polygonfor which the part will switch which face contacts the support plane, or we might have somemechanism, such as a wiper to actively change the contacting face. At any rate, the orientationproblems in three dimensions are reduced to a succession of orientation problems in the plane.8.1.5 Part Singulation and PipeliningIn order for a manipulator such as the one we have discussed to be practical in assembly linesituations, we must consider part singulation: how to separate the parts su�ciently so that theydo not interfere with each other in the manipulator.We must also consider feed rate. If an assembly line requires a feed rate of, for example,a part every �ve seconds, then our parts orienter must be able to reorient a part in less than�ve seconds, or we must be able to orient multiple parts in parallel so that there are alwaysparts available to the rest of the line while the orienter is working on the current batch. Onecan imagine having a line of these manipulators operating in tandem to orient multiple parts.However, the problem of making sure only a single part lands in each manipulator remains.8.1.6 SensorsWhile we have modeled our orientation procedures as openloop and sensorless, it may be desir-able to have some sensory feedback in order to determine when an error in the plan has occurred.One would like this sensory data to be minimal, in keeping with the criteria of simplicity andspeed. Determining what sort of sensory feedback, and how to incorporate it, is a task worthaddressing in the future. 107



8.2 ConclusionWe have presented a model of nonprehensile manipulation, using two one degree of freedompalms, and developed a planning method for part reorientation with our model. Our method�nds feasible paths through the space of equivalent state con�gurations of the object in thepalms, without requiring that the palms maintain stable support of the object over the entirepath. We have shown that such a device can reliably orient parts in the plane. This device hasdemonstrated a number of points.First, simple low degree of freedom devices can be used for reliable, fast manipulation ofobjects. In parts orienting scenarios, one would like to avoid complex mechanisms and sensors,which may break down or need careful recalibration. In addition, integrating sensor input intoa manipulation algorithm increases the computational complexity, and may slow the action ofthe device. Sensory feedback is of course necessary in unknown or unstructured environments.However, for tasks in a structured environment, where the same action is repeated continuously,manipulators such as the one studied in this dissertation have a distinct advantage.Second, because the devices are mechanically simple, the analysis of their mechanics is alsorelatively simple. To change the task from one object to another, or to change the goal statefor the same object, requires only a simple software modi�cation. APOS trays or bowl feeders,which have the same strengths of quick, reliable performance for a given task, must be customdesigned to each task, whereas devices such as this one can be used for a variety of tasks.The planner we have designed is e�cient, and 
exible. Planning reorientations for a variety ofobjects requires the geometric descriptions of the objects: vertices, center of gravity, radius ofgyration, and an upper bound estimate on the coe�cient of friction between the part and thepalms.Third, by not relying on force closure grasps, we can exploit gravitational forces to guide theobject into the correct state, without excessively precise control over the manipulator motions.Nor do we need extremely precise knowledge of frictional or restitutional coe�cients. Roughestimates are su�cient. The primary mechanical analysis used by the planner is frictionless andquasistatic. Knowledge of frictional and dynamic forces is only approximate, yet the resultingplans are robust to initial conditions, friction and to small errors in the calibration of themanipulator.Other issues such as parts singulation, higher throughput and more general object shapemust be addressed in order to make such a device as we have described truly practical. How-ever, we believe that the continued development of devices such as the one presented in thisdissertation is necessary to meet the demands of modern industrial automation.
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Appendix AProperties of the Potential EnergyCurveThere is the story of how he informed Halley of one of his most fundamental discoveriesof planetary motion. `Yes,' replied Halley, `but how do you know that? Have you provedit?' Newton was taken aback| `Why, I've known it for years,' he replied. `If you give me afew days, I'll certainly �nd a proof for it'|as in due course he did. John Maynard KeynesNewton, the Man [45]In Chapter 3, we asserted that the potential curve of a part in two point contact with thepalms (one point per palm) would be either monotonic or have a single maximum in the interiorof the range of part orientations for which this two point contact is maintained. We will nowprove this assertion.Assume we have a part P in two point contact with a pair of in�nite length palms, onecontact per palm. The palms have a relative angle �. The cone frame is de�ned with theorigin at the vertex of the cone formed by the two palms, such that the y axis is along the conebisector, pointing into the cone's interior. The cone frame is oriented at an angle � in the worldframe (where gravity is antiparallel to the y axis). This two point contact is maintained oversome range of part orientations, I. There is also an orientation of the part, �0, such that thetwo contacts have the same y coordinate, in the cone frame. We say the center of gravity isabove the vertex of the cone if the y coordinate of the center of gravity in the cone frame ispositive.Theorem 17 For any location of the center of gravity such that the center of gravity is con-tained inside the cone when P is in orientation �0, the potential energy of P as a function oforientation � will either be monotonic or have a single maximum within the interior of I.For Theorem 17, the range of valid center of gravity locations (excluding issues of collision) isshown as the shaded portion in Figure A.1. This valid region also includes the palms themselves.Suppose that at � = �0, the center of gravity is not inside the cone, but is still above thecone vertex, as in Figure A.2. There may still be orientations of the object contained in theinterval [�(� � �)=2 + �0; (� � �)=2 + �0] for which the object is completely contained in thecone. Suppose, without loss of generality, that �0 = 0. Then speci�cally, there may be aninterval I+ = [�1+; �2+] such that all � in I+ satisfy 0 < �1+ < � < �2+ � ���2 , and for all � in109
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Figure A.1: The shaded portion shows the range of locations of the center of gravity satisfyingthe conditions of Theorem 17.

Figure A.2: The center of gravity is not inside the cone at � = �0.
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I+, the center of gravity is contained in the cone. Or, there may be an interval I� = [�1�; �2�]such that all � in I� satisfy �(���)2 � �1� < � < �2� < 0, and for all � in I�, the center ofgravity is contained in the cone. If either interval exists, then any orientation of the part in theexisting interval is a valid orientation.Theorem 18 For any location of the center of gravity such that the center of gravity is outsidethe cone but above its vertex when P is in orientation �0, either1. neither I+ nor I� exist, or2. the potential energy of P as a function of orientation � will either be monotonic or havea single maximum within the interior of the interval of valid orientations.We will prove Theorem 17, and then sketch the proof of Theorem 18. Before provingTheorem 17, we will give a set of simple assertions about trigonometric functions.Assertion 1 If either sinx or cos x is taken over an interval I of x of length at most �, thenit will either be monotonic or have exactly one extremum in the interior of I.Assertion 2 Let arctan2(y; x) be the four quadrant arctangent of the point (x; y) (in otherwords, the range of arctan2 is [��; �]). ThenA cos x+B sinx = pA2 +B2 cos(x� arctan2(B;A))= pA2 +B2 sin(x+ arctan2(A;B))Assertion 3 Consider the functionf (x) = N cos x+M sinx:Its derivative is f 0(x) = �N sinx+M cos x:If N > 0, and 0 � x < �=2, then f 0(�x) � f 0(x). Therefore, by Assertions 1 and 2, either fis monotonic (if both derivatives have the same sign), or it has a single maximum between �xand x. If N = 0, then f is monotonic between �x and x.Now let us consider a rod of length d in the interior of a cone with opening �. The coneframe is as described above. Let the orientation of the rod be �0, when the rod is horizontal(in the cone frame). Without loss of generality, let �0 = 0. The endpoints of the rod are givenby pl = (plx; ply) and pr = (prx; pry). It is clear that the range of valid orientations of the rodsuch that the left endpoint pl stays on the left palm, and the right endpoint pr stays on theright palm is given by I = [�(� � �)=2; (� � �)=2]. The locations of the endpoints in the coneframe as a function of orientation are given bypl(�) = �(�) � sin �2cos �2 ! ; (A.1)�(�) � 0pr(�) = pl + d cos �sin � ! (A.2)111



where the function �(�) is to be determined.The contact constraints are expressed by the equationsplyplx = �1tan �2 = �pryprx : (A.3)Combining Equations A.1, A.2, and A.3, we derive an expression for the left endpoint:pl = d2 1sin �2 (cos � � tan �2 sin �) � sin �2cos �2 ! : (A.4)We next consider the endpoints of this rod to be the contacting vertices of our part P .Again, let � = 0 when the rod is horizontal in the cone frame. The location of the left vertexwith respect to the center of gravity isrl = rl  cos(� + �l)sin(� + �l) !where rl is the distance to the left vertex, and �l is the angle to the left vertex, both with respectto the center of gravity.The center of gravity location in cone coordinates is then given byCG(�) = d2 1sin �2 (cos � � tan �2 sin �) � sin �2cos �2 !� rl  cos(� + �l)sin(� + �l) ! : (A.5)The direction of gravity in the cone frame is G = (� sin�;� cos �)T . The potential energyas a function of � for a �xed � is then given by P�(�) = �GTCG(�).Theorem 19 Over the range I = [�(� � �)=2; (� � �)=2], P�(�) is either monotonic or has asingle extremum in the interior of I.Proof: By cranking through the algebra, the potential energy function can be writtenP�(�) = N cos � +M sin �N = �rl sin(�l + �) + d2 1sin �2 cos(�2 + �) (A.6)M = �rl cos(�l + �)� d2 1cos �2 cos(�2 + �):By Assertion 2, P� can be written as a pure sine or cosine. The range of valid cone openings is(0; �]; hence, the interval of valid orientations I has length strictly less than �. By Assertion 1,P� is therefore either monotonic or has a single extremum in the interior of I. 2Assertion 4 0 < �2 � �=2�(� � �)=2 � � � (� � �)=2�(� � �)=2 � � � (� � �)=2112



The endpoints of the range of valid � correspond to cone orientations such that the rightand left palms, respectively, are horizontal. We can now prove Theorem 17.Proof: (Theorem 17) First, we note that the orientations of the left and right palms in theworld frame are given by  left = (� + �)=2 + � right = (� � �)=2 + �By Assertion 4, the palms are therefore always in the closed Quadrants I or II of the plane;that is, sin left � 0 and sin right � 0. By hypothesis, the center of gravity is inside the coneat the orientation � = 0; hence it lies in the closed Quadrants I or II of the plane. Therefore,the y component of the center of gravity location, CGy, is always greater than or equal to zero.But CGy is also proportional to the potential energy of the part, with a positive constant ofproportionality: CGy(� = 0) / P�(� = 0)= N cos(0) +M sin(0)= NTherefore, N is nonnegative for any valid value of �. By Assertions 3 and 4, it follows thateither P� is monotonic or it has a single maximum in the interior of the range of valid partorientations. 2The sketch of the proof of Theorem 18 is as follows. Suppose that I+ is valid. If wereparameterize P� by � = � � �1+, then we get a new functionP�+(�) = N cos(�+ �1+) +M sin(�+ �1+);where N and M are as de�ned in the proof of Theorem 19. This can be rewrittenP�+(�) = N+ cos�+M+ sin�;valid over the interval 0 � � � (�2+� �1+), which is of length strictly less than �=2. All valuesof � in this interval satisfy the conditions of Assertion 3. By hypothesis, at the orientation� = 0 the center of gravity is inside the cone, and hence in either Quadrant I or II of the worldframe. Using the same reasoning as in the proof of Theorem 17, we can sayCGy(� = 0) / P�+(� = 0)= N+ cos(0) +M+ sin(0)= N+ � 0Therefore, P�+ is either monotonic or has a maximum in the interior of I+.If I� is valid, then we can reparameterize by � = � � �1�, and derive an expression for thepotential energy valid over the range 0 � � � �2� � �1�, and the same result follows.113
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